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ABSTRACT: The aim of this paper to study the existence solution of some types of hyperbolic differential equation
with periodicity of some controls function as nonlocal initial condition for the equation and the technical and used
depended on some interest iniquities.
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1. INTRODUCTION

In this section we assume the hyperbolic deferential with periodic control initial conditions, as follow:

y — div (o (IVul?) V) = (Vu)? = "2 f(x, t,u)loglul,  x € Q,1>0, (1.1
ulx,t) =0,x€dQ, rel0,1], (1.2)
u(x,0) = up(x), us(x,0) = uy(x), x € Q, (1.3)

up, u; € L*(Q), are periodic control functions, Q is in a bounded domain R” with 9 as smooth bounded Q,, = Rx(0, T'],
for [0, 1]. The term »" 2 log |u| is a logarithmic nonlinearity which can be applied to many branches [1-3],. Where p > 0
andm > 1.

Assume the following conditions:

a.  f(x,t,u) is Holder continuous in Q x R x R, periodic in t with a period T and satisfied f(x,t,u) < bolu|**' with
constant by > 0and 0 < @ < 1.

b o (IVuP) = [Vul

c. div (0' (|Vu|2) Vu’") is the definition of rather slow.

There are many articles researched on some types of hyperbolic differential equations with some properties and
important results such as in[4] the multipoint boundary value problems with nonlocal initial conditions for hyperbolic
deferential problems with different approaches. Impulsive System with Periodic Problem for a hyperbolic equation in [5]
has been studied extensively. The loaded third order equations as hyperbolic boundary value problems also with mixed
types were presented in [6] and in [7] the optimal boundary control problems of the turnpike phenomenon corresponding
to hyperbolic systems have been studied and computed. Finely in [8—10] Strict Lyapunov Function used to studied a
boundary control of hyperbolic systems.

In this paper, the existence and unique solution of the hyperbolic problem with periodic functions as initial conditions
(1.1) - (1.3), and shown that the solution is uniformly bounded, we establish the existence under some conditions are
sufficiently conditions to satisfy Leray -Schauder fixed point theorem .

*Corresponding author: zynbaldlal @ gmail.com 156
https://wjcm.uowasit.edu.ig/index.php/wjcm


https://wjcm.uowasit.edu.iq/index.php/WJCM
email:zynbaldlal@gmail.com
https://creativecommons.org/licenses/by/4.0/

Zainab Abdel Ameer et al. , Wasit Journal of Computer and Mathematics Science, Vol. 1 No. 4 (2022) p. 156-162

2. MAIN RESULTS

In this section the results of explain existence of solution for the hyperbolic deferential of problem with initial periodic
control functions now, we need the following definition.

Definition (2.1): A function v € L” (0,w: wy”(Q)) N C,, (Q,) is called to be a weak solution of the problem (1.1) - (1.3)
if % e L?(Q,,) and v satisfies

2

ﬂ (%90 +my' o (1Vuf) VvV«p) + (m = Do (IVulP) o — (Vo) -

T

W"2f(@,t,v) log Vlgdxdt) =0, for any @€ C2(Q,) with ¢(x,0) = ug(r), ¢(x,0) = us (1)

And ¢logQ x (0,7) =0

Theorem(2.1): Let u be solution of  u, — div (o~ (IVul?) V) = (Vu)? = [u"2 £ (x, t,u) log |ul

u(x, 1) =0,x € 0, t € [0, 1], u(x,0) = up(x), us(x,0) = u;(x) € Q, with o € [0, 1], then there exists positive constant
R independent of o such that ||u(t)||§ <R

Proof:
1 FPun™3 el [OU g w2 00U il
i Dmi3 ar  —maa | (E) A~ U
um+2 32u
m+2 o
Thus
1 621" m+3 m+1 m Zazu
L B m+ 2" Vu = "™ 5
1 62” m+2 m+1
= 3" e —(m+2)u™ ' Vu
Multiply Eq. (1.1) by u™*?, we get
1 u

— Wu"”z = (m + 2" Vu — div (o (|Vul?) V") = Vi

= [ul™2 f(x, t,u) log ulu™*?
Multiply Eq. (1.1) by [u(®)|Pu(t), p > 0, and integrating, we get
1 &
f 2o 2 - f m + U™ Vulu()|? (1.4
Q Q

m+2 02

- f Vi
Q

1 &
f 22 Sy - f (m + 2™ 2 Vulu(n)|P+
Q Q

m+ 3 or?

2
)|u(t)|Pvumvu - |u(t)|Pvumu'"*3}

f {(P + Do (|Vu|2) |u(6)PV "V — Iu(t)lp(Vu)pu’”*3}
Q

- f W™ £, )P 1™ log Jul
Q

1 c')zuf| (p+
“mizor Jo'"P

m+3
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+ f(p+ 1)0'(t)‘ —f(m+2)m
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(IVaP) a2V — |u(z)u'"T73 Vu|p
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- f wE u(ou | fx, 1,0 log
Q
1 0% mawgp  p(m+2) ( mw)p
P - 2 \Vlu >
m+ 1082 m+3+p

L (p+1) f {ma(|vu|2)‘u’”%w‘
Q

m+3+p
u v Vu’}

2m+5+p |P+]1
= f u f(x,t,u)log|u|
Q
1 & wrwpp  pm+2) V( ﬁ)l’
- - - u r
m+ 1062 p m+3+p
+(p+1) (IV B HV =2 H P oty
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1 w3y 1P (m+2) mezep \\P
Sk
m+ 10t p m+3+p
m+ 2 m+3+! P
+(p+1) “ 2m+l _H p Vu 3+2p
2m+1 2 |lm+3+2p »
2m+5+p p+l
- |u H| L feew loglud
1 62 m+3+p p p(m + 2) 2m+1
o - ——|[Vu " r(p+1
m+lé7t2 P m+3+p” p P+
|| 7,,,+1 2 H p V m+3+2p p
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+(p+ —|——Vu
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+
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gu _pmrs) v( ) Tl
m+1 62 P m+3+pH ‘o p P+l
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2m 2mtl ||2 H p m+3+2p ||P
A T
2m+1 2 |Im+3+2p »
2m+6+pta || P+1
Sb0|u i log [u]
+1
i+ 2 m+3+p P m+3+p
[} < 22 [ )| + -2 o an
2 m+3+p p m+3+2p p

Set m = p, we get that,
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1 (92 p3+p ||P Zp+1 2
—_— g +(p+1
pr108 ,Ferby +1H
2p+1 2 2p+6+p+a p+1
= “Vu =7 < by ' w | toglu
2 p+
(1.6)
1 52 27%3 p 2(17 + 1)p H Zp+] H 2,7;1 2
(p+1)or » T 2p+1 2
3p+6+a || P+1
Sboyu 7| log Jul
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Thus,
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(p+1)or p 2p+1 2 prl

2p+1
Let u, = p+

and 0 < @ < 1, we have

1 2 2’;‘;3 2(pr+ 1) py )
LTI ek ey LS 1l
(pr+1) 6t2”M”p ( 2pr + 1 )” illz

3p+7

I 9 2(pi+ 1)
< bo llull )" +] log Iuk| [|u k”% + WPk T D Pk _ 1
b +102

2pk+1

Gpep d 2(pi+ 1’ pr—pr+ 1
19l < bl toglud 7 (2P

Gpe+7)
IVuill3 < bo (br + 1) llusll3 pk— lo

+1 e
) 2( + 1) 2('4[)]14-7)
72 I3 < (1 - %)( Pt DIV + bo b+ D, loglud — (18)
k

By the Gagliardo-Nirenbery inequality, we have that
()3 < C IV (OIS llae) (11}, where 6 =

N
vz € 0.1
Noting that [lue(1)ll; = llue-1(1)II3

9 2 2(pr+ 1) pi 2
gyl [lue (D5 < (1 - W (Px + D [Vur(0lly

_1) 2(3pk+17)
Iluk(t)ll1 +bo (b + D llux®ll, ™" log lul

Set A, = max {1, sup, ||uk(t)||%}, then
Z I3 < N 13
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Since u;(¢), up(t) are periodic control functions.

1
1-2(pe+ 1 401-0) ) Cx
wDll < {c [bo (b + l)logluk|+(—2 Pk pk)(pk-i- 1)5531}“ }
Pk + 1

2 2 1 2¢
Where C;, = — — (pi + )= k
0 pk+2 pk+2

Since 44— > 1,k =1,2, we get

Z 1
(pk 1) k by 449 ) Ck
Ol < [1 = 2Pk ) Pk 1) A2
Nkl < {( ot 1 P+ DA,

(1.10)

([, 2t Dpe 400+
_{(l 2p+ 1 )(pk+l)} 2 - 10

2(pi+ 1) pi ko
letx—1 Dy < {(1 - W (pr+ 1) /lz_l

Where a’ is a positive constant independent of k, and A = 2

2o+ D pr
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)(pk+ D+kInA+2Iné, -1

Where A = 29 > 1, then
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2(3p+7)

L Jlu@ll, """ logul

2(pe+Dpr
Let ol < l, then

& 2 (pe + D) px L)
57l < (W + pi+ L @I + bo (i + 1) lu@)ll, ™™ log lug]
Pllun)ll3 2(pr + D2 pr ) 20ne7)
o + (Pk +1- W”M(OHZ < b (b + D) [lu@)ll, 7 log |u

pr = 0. To estimate |lu(1)|3 as follows

Fllu(i
gz * Ol < o (b + 1) ull* Tog ud

By young inequality, we obtain

llu)l3
WOL 4 IR < €

Where C is a constant independent of u. By ug,u; are periodic control function, we get ||u(t)||§ < R, where Ris a
positive constant.

Theorem (2.2): If (a),(b) and (c) hold, then the problem (1.1)-(1.3) admits at least one periodic solution u

Proof First, we define a map by considering the following problem:

y — div (o (1Vul?) V) = (Vu)? = [ul" 2 f(x, t,u)log lul,  x € Q1> 0,

u(x,t)=0,x€0Q, rel0,1]

u(x,0) = up(x), u,(x,0) = u;(x), x € Q,

Where f(x,t,u) is a given function in Cr (QT) If follows from a standard argument similar to

[11] that the problem (1.1)-(1.3) admits a unique solution. So, we define amap 7 : Cr (QT) - Cr (QT) Byu=Tf
is compact and continuous. In fact, by the method in [15], we can infer that ||u|z~p,) is bounded if f € L™ (Qr) and

u,Vu € C% (QT) For some @ > 0. Then (by the ArzelaAscoli theorem) the compactness of the map 7 comes from
|lullz~(o,) and Holder continuity of u. The continuity of the map 7" comes from the Holder continuity of Vu.

3. CONCLUSION:

In conclusion, this paper aimed to study the existence of solutions for certain types of hyperbolic differential equations
with periodicity of certain control functions as nonlocal initial conditions. The techniques used in this study were based on
analytic dependencies and made use of fixed point theorems to ensure the existence of solutions. This work represents a
significant advancement in the field of hyperbolic differential equations and the application of nonlocal initial conditions.
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