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ABSTRACT: In this paper, we define a new class of generalized open sets in a generalized topological space
(X, G), referred to as hyg — open sets. We further explore topological concepts such as the hyg — interior, hyg —
closure, and hyg — exterior based on these sets. Additionally, we introduce and examine several types of functions
including hyg — continuous, hyg — open, hyg — perfectly continuous, hyg — contra continuous function,
and hyg — homeomorphisms. Various properties and remarks related to these functions are also discussed.
Furthermore, we introduce the concepts of GTopy g, GTipyg and GTopy g — Spaces, and explore their characterization
as well as the relationships among GTopyg, GT1hyg and GT,py,g — Spaces.

Keywords: Generalized topological space GTS, hyg — open sets, hyg — open functions, hyg — homomorphisms

and hyg — Separating axioms
-

1. INTRODUCTION

The concept of open sets plays a vital role in topology and its various applications. Over time, several generalizations
of open sets and related functions have been introduced. Levine [6] introduced semi — open sets and semi —
continuous functions, while Njastad [7] define f — open sets. Biswas [5] explored semi — open function, and
Mashhour, Hasanein, and EL-Deeb [1] introduced § — continuous and 8 — open mappings. Noiri [10] define totally
(perfectly) continuous functions. ~ While Donchev [3] presented contra — continuous functions, and Donchev and
Noiri [4] further introduced contra — semi — continuous function. Jafari and Noiri [8] discussed f — contra —
continuous function. Askander [9] proposed i —open sets along with i — irresolute mappings and i—
homeomorphisms. Tyagi and Chauhan [2] introduce the notion of semi — open sets and feebly open sets in
generalized topological spaces. Csaszdr [11,12,13] examines generalized open sets within the context of generalized
topologies. Several separation axioms have been introduced using the framework of generalized open sets, as presented
in [14, 15]. Some concepts and notations previously established in [12] are reviewed here, let X be nonempty set and G
a collection of subsets of X. The collection G is called a generalized topology (GT) on X if it contains the empty set @,
and the union of any nonempty subcollection of sets in G also belongs to G. The pair (X, §) is then referred to as a
generalized topological space (GTS) on X. The sets in G are called g — open sets, and their complements are referred to
as g — closed sets [12]. For any subset A of a generalized topological space (X, G), the closure and interior of A with
respect to G are denoted by cly(A) and int,(A), respectively.

This paper is organized into five sections. In the next section, we introduce and investigate a new class of open sets
called hyg — open sets. We also define and study topological notions such as hyg — interior, hyg — closur, and
hyg — exterior, all based on the concept of hyg — open sets. In the third section, we present the concepts of hyg —
continuous functions, hyg — open functions, hyg — perfectly continuous functions, hyg — contra continuous
functions, and hyg — homomrphism. Furthermore, we examine various properties and observations associated with
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these types of functions. Where in the fourth section, we introduce the notions of GTypy g, GT1pyg and GTyp,,, — Spaces.
Finely, in the five section a concise conclusion describing all the results obtained in this paper has been given.

2. hyg —open SETS

In this section, we introduce a novel class of open sets referred to as hyg — open sets. Based on this concept, we
define and explore several associated notions, including the hyg — interior, hyg — closure, and hyg — exterior. We
further investigate the fundamental topological properties of these concepts.

Definitions 2.1. Let A be a subset of a GTS (X, G). Then A is said to be hybrid generalized open set and, denoted by
hyg — open, if for every non-empty g —open set G € G , with G # X, it holds that A C (G n clg(Ak)). The
complement of a hyg — open sets is referred to as a hyg — closed sets. The collection of all hyg — open sets in the
space (X,§G) is denoted by hyg — 0s(X)

Example 2.2. Let X = {1,2,3}, G = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, X}.

hyg —os (X) = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, X}.
Example 2.3. Let X = {a, b,c},G = {9, {a}, {a, b}, {a,c}, X}. Then

hyg - OS(X) = {Q' {a}' {b}' {C}' {a' b}' {a' C}' X}

Theorem 2.4. every g — open set is hyg — open set in any GTS(X, G).

Proof. Let (X, G) be any topological space and let U € X be any g — open sets. Therefore, U € G, U # @. Let us choose
G =U.Since U € G,G € G.Also,assume U # X, G # X, and since U # @, we know that U € U n ¢l;(U) ,because U <
cly(U). SoU € U N cly(U). By letting G = U, then U € G N cly(U),where G € G,G # 0,6 # X. So Uis hyg — open
set. |

Remark 2.5. The convers of Theorem 2.4 does not necessarily hold, as evidenced by the following example.

Example 2.6. Let X = {a, b,c},G = {Q), {a},{a, b}}. Then

hyg — os(X) = {(D, {a},{b},{qa, b}}. The set A = {b} is hyg — open , but not g — open set.

Theorem 2.7. Let (X, G ) be a generalized topological space and let A, B be a two hyg — open sets. Then

1.LAN B is hyg — open sets.

2.A U Bis hyg — open sets.

Proof. Let A, B be a two hyg — open sets, and let G € G. Then
1. Wealready have, AC G, BCG=>ANBCG

We also know:
A ccly(A), B S cly(B). SoAnB < cly(A) ncly(B). By a basic topological property cly(A N B) < cly(A) N
cly(B). But this does not imply:

ANB < cly(AnB) directly, so we must justify it. However, since AN B € A, and A < cl;(A), we have:
ANB C cly(A). Likewise, AN B S cl;(B). So, AN B C cl;(A) N cly(B). Therefore:
ANB < G N (cly(A) Nncly(B)). Butcly(ANB S cly(A) N (B). So, G Nclg(ANB) € G N (cly(A) Nncly(B))

Thus, ANB < G N cly(A N B). Consequently, AN B is hyg — open set.

2.We have:
AcCG, BSG=>AUBCG. Also, AS cly(A),BCScly(B)>AUB C cly(A) Ucly(B). But, AUB S cly(AU
B)

Hence, AUB € G Ncly(AUB).So AU B is hyg — open set.m

Definition 2.8. Let (X, §) be a generalized topological space, and let A € X. The hyg — interior of A, denoted by
Intpy,4(A), is define as the union of all hyg — open sets contained in A. By this definition, Inty,, ,(A) is always an
hyg — open set, for every subset A of X.

Example 2.9. Let X = {a, b, ¢, d}, g = {0,{a},{a, b},{a, c},{a, b, c}, X} then

hyg — 0s(X) = {@,{a},{b},{c},{a, b}, {a, c}, {b, c},{a,b,c}, X}
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Intpy,g({a}) = {a}, Inty,,({b}) = {b}, Intp,4({c}) = {c}, Inty,,({d}) =0, Inty,,({a, b}) = {a, b}
Intpyg({a, c}) = {a, c}, Intyyy({a, d}) = {a}, Intp, 4 ({b, c}) = {b, c}, Intp,,4({b,d}) = {b},

Intp,,({c,d}) = {c}, Inty,,({a, b, c}) = {a, b, c}, Inty,,({a, b,d}) = {a, b},

Intp,g({a, c,d}) = {a, c}, Inty,,({b, c,d}) = {b, c}. Clearly that, if A is hyg — open then, A = Inty,,,(A).

Proposition 2.10. Let (X, G) be a generalized topological space (GTS), and let A and B be two subsets of X.Then
1. Ais hyg — open if and only if A = Int,,4(A).
2. Intpy,(A) €A
3. Intpye(A) S Intpye(B).

Definition 2.11. Let (X, §) be a generalized topological space (GTS), and let A € X. The hyg — closure of A,
denoted by clp, 4 (A), is defined as the intersection of all hyg — closed subsets of X that contain A. By construction,
Cclpyg(A) is a hyg — closed set for every subset A of X.

Example 2.12. Let X = {1, 2,3,4}.G = {0,{1},{1, 2}, {1, 2,3}, X}. Then

hyg - OS(X) = {@; {1}1 {2}' {3}; {1;2}' {1;3}; {2'3}' {1;2:3}' X}
hyg - CS(X) = {@; {2;3;4‘}1 {1;3;4}' {1:2;4}' {3'4}; {2;4}' {1'4}; {4}; X}
Clhyg ({1}) = {1;4}; Clhyg ({2}) = {2:4’}» Clhyg ({3}) = {3:4’}» Clhyg ({4}) = {4}a
clyyg({1,2)) = {1,2,4}, clpy, g ({1,3}) = {1,3,4}, clyy g ({1,4}) = {1,4}, clpy4 ({2,3}) = {2,3,4},
Clhyg ({214’}) = {2'4‘}1 Clhyg ({3;4‘}) = {3'4}' Clhyg ({1'2:3}) = X, Clhyg ({1'2;4}) = {1'2;4};
clpyg({1,3,4}) = {1,3,4}, clpyy ({2,3,4}) = {2,3,4}. Clearly that, if A is hyg — cs(X) then,
A = Clhyg (A)
Proposition 2.13. Let (X, G) be a generalized topological space (GTS) and let A and B be two
Subsets of X. Then

1. Aishyg — cs(X) if and only if A = Clp,,4(A).

2. ACClpy,A)

3. Clpyg(A) E Clyyy(B)

Lemma 2.14. A subset A of a generalized topological space (X, G) is called hyg — open if and only if there exists an
open set U in X such that A € U C cl (A).
Proof. Uncomplicated. m

Theorem 2.15. The intersection of a g — open set and a hyg — open set is a hyg — open set .

Proof. Let Abe a g — open setin X, and let B a hyg — open set in X. Then there exists an open set U € X such that
B € U € cl(B). This implies that ANB € ANU < ANcl (B) S cl(ANB).

Since ANU is generalized open set, it follows from Lemma 2.14 that ANB is hyg — 0s(X). m

Definition 2.16. Let (X, G) be a generalized topological space and let A € X. Then extpy4(A) = intp,,(X\A) is
called the hyg — exterior of A.

Example 2.17. A similar example 2.9.

Theorem 2.18. Let (X, G) be a generalized topological space (GTS), and let A and B be two

Subsets of X. Then

l.extp,4(A) is hyg — os(X) set.

2. 1f A € B, then extp,,(B) S exty,,(A).

3. extpyg (AU B) S extyy,(A)Nextyyq(B)

4. extpyy (AN B) 2 extyyq(A)Uextp,,(B)

Proof. (1) Straightforward.

(2) suppose that A € B. Then. exty,,(B) = inty,,(X\B) S inty,,(X\A) =exty,,(A)

(3) extpyg (AU B) = inty,,(X\(A UB)) = intp,,(X\A) N (X\B)) S intp,,(X\A) N intp,,(X\B) =
extpyg (A) Nexty,,(B).

(4) extpyy (A NB) = intyy,, (X\(A N B)) = intyy,,((X\A) U (X\B)) 2 intyy,,(X\A) U intyy,,(X\B) =
extpyq(A) U extp,,(B). m
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3. hyg — continuous functions AND hyg — homomorphisms

In this section, we introduce and investigate novel classes of functions, including hyg — continuous ,hyg —
open, hyg — perfectly continuous, hyg — contra continuous functions, and hyg — homomorphisms, and
examine various properties associated with these function.

Definition 3.1. A function F : (X,G;) — (Y, G,) is said to be hyg — continuous, if F~1(U) is hyg — open set in X
for every g — open set Uin Y.
Example. 3.2. Let X = {a, b, c}, Y = {1, 2,3} and, let G, = {0, {a},{c},{a,c}, X}, G, = {0, {1,2}, Y}, such that, F :
(X,61) = (Y,G3) defined by F({a}) = {1}, F({b}) = {3}, F({c}) = {2}. So,
hyg — os(X) = {@, {a},{c}, {a, c}, X]. It follows directly that the function F satisfies the condition of hyg —
continuous.
Theorem 3. 3. Every g — continuous function is hyg — continuous.
Proof. Let F : (X,G;) = (Y, G,) be continuous function and let U any g — open subset in Y. Since, F is g —
continuous, then F~1 (U) is g — open set in X. Since, every g — open set is hyg — open set by Theorem.2. 4, then
F~1(U) is hyg — open set in X. Therefore, F is hyg — continuous function.m
The converse of the Theorem. 3. 3, need not be true as shown in the following example.

Example. 3. 4. Let X = {b,c,d},Y = {2,3,4} and, let G; = {9, {b}, X}, G, = {D, {3}, {4}, Y}, such that, F : (X,G,) -
(Y, G,) defined by F({b}) = {2}, F({c}) = {4}, f ({d}) = {3}. So, hyg — os (X) = {0, {b}, {c}, {d}, X}. It follows
directly that the function F satisfies the condition of hyg — continuous, but it is not satisfies g — continuous
condition.
Definition 3.5. A function F : (X, G;) — (Y, G,) is said to be hyg — open, if F(U) is hyg — open set in Y for every
g —openset U in X.
Example. 3. 6. Let X =Y = {a, b, c} and, let G, = {0, {a}, {c},{a,c},X}, G, = {0, {a, b}, Y}, such that, F: (X, G,) —
(Y, G,) defined by F({a}) = {a}, F({b}) = {c}, F({c}) = {b}. So, hyg — 0s(Y) = {@,{a}, {b},{a, b}, Y}. Clearly, the
function F is hyg — open.
Theorem 3.7. Every g — open function is hyg — open.
Proof. Let F : (X,G;) — (Y, G,) be g — open function and U be any g — open set in X. Since, F is g — open, then
F(U) is g — open set in Y. Since, every g — open set is hyg — open set by Theorem.2 .4, then F(U) is hyg —
open set in Y. Therefore, F is hyg — open function.

The converse of the above Theorem, need not be true as shown in the following example.
Example. 3.8. in Example 3. 6, the function f : (X, G;) = (Y,§,) is hyg — open but not g — open.
Definition 3.9. A bijective function F : (X, G;) — (Y, G,) is said to be hyg — homomorphism if F is hyg —
continuous and hyg — open function.
Example. 3.10. Let X = {b,c,d},Y = {2,3,4} and, let G; = {@, {b}, X}, G, = {0, {2}, {3}, {4}, Y}, such that,
F: (X,G1) = (Y,G,) defined by F({b}) = {2}, F({c}) = {4}, F({d}) = {3}. So,hyg — 0s(X) = {®,{b}, {c},{d}, X}.
hyg — os(Y) = {@,{2}, {3}, {4}, Y}. Clearly the function F satisfies the condition of is hyg — continuous and hyg —
open. So F is hyg — homomorphism.

Theorem 3.11. let F : (X,G;) = (Y,G,) is g — homomorphism, then F is hyg — homomorphism.
Proof. By Theorem 3.3 every g — continuous function is hyg — continuous, and by Theorem 3.7, every g — open
function is hyg — open. Since F is also bijective, it follows that F is hyg — homomorphism.m
The converse of the above Theorem, need not be true as shown in the following example.

Example 3.12 let X = {b,c,d},Y = {2,3,4} and let G, = {0, {b}, X}, G, = {@,{2}, {3}, {4}, Y} such that, F: (X, G;) -
(Y, G,) defined by F({b)} = {2}, F({c)} = {4}, F{d)} = {3}. It is clear that, F is hyg — homomorphism but not
g — homomorphism.

Definition 3.13. A function F: (X, G;) — (Y, §,) is said to be hyg — perfectly continuous, if F*(U) is both g —
open and g — closed set in X for every hyg — open set U in Y.
Example 3.14. let X =Y = {a, b, c} and, let G; = {0, {a},{b},{c},{a, b}, {a,c},{b,c}, X}, G, =
{®,{a}, {b},{a, b}, {b, c}, Y} such that, F: (X,G;) - (Y, G,) defined by F({a)} = {b}, F({b}) = {c}, F({c}) =
{a}.so hyg — os(Y) = {@, {a}, {b}, {c},{a, b}, {b, c}, Y}. It follows directly that the function F satisfies the condition
of hyg — perfectly continuous.
Theorem 3.15. every hyg — perfectly continuous function is g — perfectly ontinuous

Proof. Let F: (X, G;) — (Y, G,) be hyg — perfectly continuous. and U is hyg — open set in Y. Since, every g —
open setis hyg — open set by Theorem. 2.4, then U is hyg — open set in Y. Since, F hyg — perfectly continuous
function, then F~1(U) is both g — open and g — closed set in X. Therefore, F is hyg — perfectly continuous. m

The converse of the above theorem, need not be true as shown in the following example.

Example 3.16. Let X = {a, b, ¢, d, },Y = {1,2,3,4} and , let G; = {@, {a}, {c}, {a,c},{b,d}, {a,b,d},{b,c,d}, X}, G, =
{0,{1},{3},{1,3},{2,4},{1,2,4},{2,3,4}, Y}, such that, F: (X, G;) = (Y, G,) defined F({a}) = {3}, F({b}) =
{4}, F({c}) = {1}, F{d}) = {2}. So, hyg — os(Y) =
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{{1},{23, {3}, {4}, {1,2}, {1,3}, {1,4}, {2, 3}, {2,4}, {3,4}, {1,2,4}, {2,3,4}, Y}. Clearly the function F is g —

perfectly continuous but not hyg — perfectly continuous .

Definition 3.17. A function F: (X, G;) — (Y, §G5) is said to be hyg — contra continuous , if F~! (U) is hyg — closed
setin X for every g — open setUinY .

Example 3.18 let X =Y = {a, b, c} and, let G; = {@,{a}, {b},{a, b}, {b,c},X}, and, let G, = {@,{a},{a, b}, Y, such
that, F: (X, G1) = (Y, ;) defined by F({a}) = {b}, F({b}) = {c}, F({c}) = {a}. So, hyg — 0s(X) =
{0,{a},{b},{c},{a, b}, {b,c}, X} and, hyg — cs(X) = {0, {a}, {c}, {a, b},{a, c},{b, c}, X}. It follows directly that the
function F satisfies the condition of hyg — contra continuous.

Theorem 3. 19. Every g — contra continuous function is hyg — contra continuous.

Proof. Let F: (X, G;) = (Y, G,) be g — contra continuous function and, let U be any g — open set in Y. Since, F is
g — contra continuous, then F~1(U) is hyg — closed set in X. Since, every g — closed set is hyg — closed set,
then F~1(U) is hyg — closed set in X. Therefore, F is hyg — contra continuous.

Remark 3. 20. The converse of the Theorem. 3. 19, need not be true as shown in the following example.

Example 3. 21. In example 3. 18, the function F: (X, G,) = (Y, G,) is hyg — contra continuous but not g —
contra continuous function.

Theorem 3. 22. Every g — perfectly continuous function is hyg — contra continuous.

Proof. Let F: (X, G;) — (Y, G,) be g — perfectly contnuous and let U be any g — open setin Y. Since , F is g —
perfectly continuous function the preimage F~(U) is both g — open and g — closed in X, and thus it is g —
closed. This implies that F~1(U) is hyg — closed in X. Therefore, F is hyg — contra continuous function.m
Remark 3. 23. The convers of the Theorem 3. 22, need not be true as shown in the following example.

Example 3. 24. Let X =Y = {a, b, c} and, let G; = {@, {a}, {b}, {a, b}, {b,c},X}, G, = {0, {a}, {b},{a, b}, Y}, such that,
F:(X,G1) = (Y, G,) defined by F({a}) = {b}, F({b}) = {c}, F({c}) = {a}. So, hyg — 0s(X) =

{0,{a}, {b},{c},{a, b}, {b,c},X} and, hyg — cs(X) = {0, {a}, {c}, {a, b},{a, c},{b, c}, X}. Clearly, the function
F:(X,6,) = (Y,G,) is hyg — contra continuous but not hyg — perfectly continuous.

4. hyg — separating Axioms

In this section, we present the notions of GTopyg, GTinyg and GTop,4_Spaces, and examine their defining properties
along with the interrelationships among them.
Definition 4. 1. A GTS (X, G) is called GTypyg — space if, for any two distinct points x,y € X, there exists a hyg —
open set G € Gsuchthatx € G andy €& G or vice versa.
Example 4. 2. Let X = {a, b} and define:
G = {@,{a}, {b}, X}, then
hyg — os(X) = {@,{a}, {b}, X}
for a # b, the set {a} € hyg — 0s(X) contains a but not b, so it satisfies GTypyg.
Theorem 4.3 every GT, — space is GT,py,g — Space.
Proof. Let X be a GT,, — space, and let x;, x, € X be two distinct point. Since X is a GT, — space, there exists a set
G € G — 0s(X) such that, either x; € G and x, € G, or x, € G and x; € G. By Theorem 2.4, every g — open set is
hyg — open set, it follows that this set G is hyg — open set in X with the same property, it contains one of the points
and excludes the other. Therefore, X satisfies the condition for being a GTyp,y — Space. m
Remark 4.4. in general, the converse of Theorem 4.3 does not hold , as shown in the following example.
Example 4.5. Let X = {12,3} and define:
G = {0,{1,2},X}, then
hyg —os(X) = {0, {1}, {2}, {1,2}, X} . Clearly, the hyg — 0s(X) is GTyp, 4 — Space but, G is not GT, — space .
definition 4.6. A GTS (X, §) is called GTyp,, — space if, for any two distinct point x,y € X, there exist a hyg —
open sets Gx, Gy € G, such that x € Gx,y € Gx,and y € Gy, x & GYy.
Example 4.7. let X = {c,d, e} , and let
G =1{0,,{c},{d, e}, X} then
hyg — os(X) = {@,,{c}, {d},{e}, {d, e}, X} . Clearly, the hyg — 0s(X) is GTp,, — Space.
Theorem 4.8. Every GT; — space is GTyy4 — Space.
Let X be a GT; — space, and let x; and x, be two distinct point in X . Since X is GT; — space,
there exist open sets G and H in G such that x; € G,x, € G, and x, € H,x; € H. Now, by Theorem 2.4, which states
that every G — open set is also a hyg — open set. So, the sets G and H are also hyg — open . Therefore, there exist
hyg — open sets G and H such that, x; € G,x, € G and x, € H, and x; € H. This shows that X satisfies the
separation condition for a GTyp, 4, — space. Hence, X is a GTyy,,4 — Space.
Remark 4.9. In general, the converse of Theorem 4.8 does not hold, as shown in the following example.
Example 4.10. In example 4.7, clear that a hyg — 0s(X) is GTyy4 — space but,(X, G) not GT; .
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Definition 4.11. A GTS (X, §) is called GTp, 4 — space if, for any two distinct points x, y € X ,there exists disjoint
hyg — open sets Gx, Gy € G such that x € Gx, and y € Gy.
Example 4.12. let X = {2,3,4, 5}, and let:
G =1{0,{2},{3},{5},{2,3,5}, X}. Then

hyg — os(X) = {0,{2}, {3}, {5},{2,3},{2,5},{3, 5}, {2,3,5}, X}. Clearly, the hyg — 0s(X) is GT,p,4_Space.
Theorem 4. 13. Every GT, — space is GT,p,4 — Space.
Proof. Assume that X be a GT,_space, and let x; and x, be two distinct points in X. Since X is a GT,_space, there
exist disjoint g — open sets G and H in G such that x; € G, and x, € H. Now, by Theorem 2.4, every g — open set is
also a hyg — open set. So, the sets G and H are also disjoint hyg — open. Therefore, there exist disjoint hyg —
open sets G and H suh that, x; € G, and x, € H. This shows that X is a GTy,,,_space.m
Remark 4.14. In general, the converse of the above Theorem does not hold, as shown in the following example.
Example 4. 15. Let X = {a, b, ¢, d}, and let:

G ={0,{c},{a, b, d}, X}, then
hyg — os (X) = {0,{a}, {b},{c},{d},{a, b},{a,d},{b,d},{a, b, d},X}. Clearly, the hyg — os (X) is GT,p,4- Space
but, (X, G) is not GT,_space.

5. CONCLUSION

A new class of sets in generalized topological spaces is introduced and its main properties are studied. The new
concept is used to examine generalized continuous functions and some separation axioms. The results indicate this class
gives a more refined extension of existing generalized open sets. Therefore, this work strengthens the structure of
generalized topology and suggests many future researches related topics.

FUTURE STUDIES

We suggest that upcoming work focus on exploring the relationships between hyg — open sets and various
other sets with all applications in GTS.
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    𝒢 1 =  { ∅ ,    { a } ,    { c } ,    { a ,   c } ,   𝕏 } ,       𝒢 2 =  { ∅ ,    { a ,   b } ,   𝕐 }


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { a } ) =  { a } ,     ℱ  (  { b } ) =  { c } ,     ℱ  (  { c } ) =  { b }


  h y g − o s  ( 𝕐 ) =  { ∅ ,  { a } ,  { b } ,  { a , b } , 𝕐 } .


  ℱ


  h y g − o p e n .


  g − o p e n


  h y g − o p e n .


  ℱ   :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  g − o p e n  


  𝕌


  g − o p e n  


  𝕏


  ℱ


  g − o p e n


  ℱ ( 𝕌 )


  g − o p e n


  𝕐


    g − o p e n


  h y g − o p e n


  ℱ ( 𝕌 )


  h y g − o p e n  


  𝕐 .


  ℱ


  h y g − o p e n   f u n c t i o n .


  f   :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − o p e n


  g − o p e n .


  ℱ   :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − h o m o m o r p h i s m


  ℱ


  h y g − c o n t i n u o u s


  h y g − o p e n


  𝕏 =  { b , c , d } , 𝕐 = { 2 , 3 , 4 }


    𝒢 1 =  { ∅ ,  { b } , 𝕏 } ,       𝒢 2 =  { ∅ ,  { 2 } ,  { 3 } ,  { 4 } , Y } ,  


  ℱ :    ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { b } ) =  { 2 } ,   ℱ  (  { c } ) =  { 4 } ,


  ℱ  (  { d } ) =  { 3 }


  h y g − o s  ( 𝕏 ) =  { ∅ ,  { b } ,  { c } ,  { d } , 𝕏 } .


  h y g − o s  ( Y ) =  { ∅ ,  { 2 } ,  { 3 } ,  { 4 } , Y } .


  ℱ


  h y g − c o n t i n u o u s


  h y g − o p e n


  ℱ


  h y g − h o m o m o r p h i s m .


  ℱ   :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )  


  g −   h o m o m o r p h i s m


  ℱ


  h y g − h o m o m o r p h i s m


  g − c o n t i n u o u s


  h y g − c o n t i n u o u s ,


  g − o p e n


  h y g − o p e n


  ℱ


  ℱ


  h y g −   h o m o m o r p h i s m


  ∎


  𝕏 =  { b , c , d } , 𝕐 = { 2 , 3 , 4 }


      𝒢 1 =  { ∅ ,  { b } ,   𝕏 } ,     𝒢 2 = { ∅ ,  { 2 } ,  { 3 } ,  { 4 } , 𝕐 }


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )  


  ℱ  (  { b ) } =  { 2 } , ℱ  (  { c ) } =  { 4 } , ℱ  (  { d ) } = { 3 }


  ℱ


  h y g − h o m o m o r p h i s m


  g − h o m o m o r p h i s m


  ℱ :    ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − p e r f e c t l y


  c o n t i n u o u s ,  


   ℱ 1 ( 𝕌 )


  g − o p e n


  g − c l o s e d


  𝕏


  h y g − o p e n


  𝕌


  𝕐


  𝕏 = 𝕐 =  { a , b , c }


      𝒢 1 =  { ∅ ,  { a } ,  { b } ,  { c } ,  { a , b } ,  { a , c } ,    { b ,   c } , 𝕏 }


      𝒢 2 = { ∅ ,  { a } ,  { b } ,    { a , b } ,  { b , c } , 𝕐 }


  ℱ :    ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { a ) } =  { b } , ℱ  (  { b } ) =  { c } ,   ℱ  (  { c } ) =  { a } .   s o   h y g − o s  ( 𝕐 ) =


   { ∅ ,  { a } ,  { b } ,  { c } ,  { a , b } ,  { b , c } , 𝕐 } .


  ℱ


  h y g − p e r f e c t l y   c o n t i n u o u s .


  h y g − p e r f e c t l y   c o n t i n u o u s  


  g − p e r f e c t l y


  o n t i n u o u s


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − p e r f e c t l y   c o n t i n u o u s .  


  𝕌


  h y g − o p e n


  𝕐


  g − o p e n


  h y g − o p e n


  𝕌


  h y g − o p e n


  𝕐


  ℱ


  h y g − p e r f e c t l y   c o n t i n u o u s


   ℱ  − 1 ( 𝕌 )


  g − o p e n


  g − c l o s e d


  𝕏


  ℱ


  h y g − p e r f e c t l y   c o n t i n u o u s . ∎


  𝕏 =  { a , b , c , d , } ,   𝕐 =  { 1 , 2 , 3 , 4 }


    𝒢 1 =  { ∅ ,  { a } ,  { c } ,  { a , c } ,  { b , d } ,  { a , b , d } ,  { b , c , d } , 𝕏 }


      𝒢 2 =  { ∅ ,  { 1 } ,  { 3 } ,  { 1 , 3 } ,  { 2 , 4 } ,  { 1 , 2 , 4 } ,  { 2 , 3 , 4 } ,   𝕐 }


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { a } ) =  { 3 } , ℱ  (  { b } ) =  { 4 } , ℱ  (  { c } ) =  { 1 } , ℱ  (  { d } ) =  { 2 } .


  h y g − o s  ( 𝕐 ) =  {  { 1 } ,  { 2 } ,  { 3 } ,  { 4 } ,  { 1 , 2 } ,  { 1 , 3 } ,  { 1 , 4 } ,  { 2 ,   3 } ,    { 2 , 4 } ,  { 3 , 4 } ,  { 1 , 2 , 4 } ,  { 2 , 3 , 4 } , 𝕐 } .


  h y g − o s  ( 𝕐 ) =  {  { 1 } ,  { 2 } ,  { 3 } ,  { 4 } ,  { 1 , 2 } ,  { 1 , 3 } ,  { 1 , 4 } ,  { 2 ,   3 } ,    { 2 , 4 } ,  { 3 , 4 } ,  { 1 , 2 , 4 } ,  { 2 , 3 , 4 } , 𝕐 } .


  ℱ


  g − p e r f e c t l y   c o n t i n u o u s


  h y g − p e r f e c t l y   c o n t i n u o u s   .


  ℱ :    ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − c o n t r a   c o n t i n u o u s   ,  


   ℱ  − 1    ( 𝕌 )


  h y g − c l o s e d


  𝕏


  g − o p e n  


  𝕌


  𝕐


  𝕏 = 𝕐 =  { a , b , c }


    𝒢 1 =  { ∅ ,  { a } ,  { b } ,  { a , b } ,  { b , c } , 𝕏 } ,


      𝒢 2 = { ∅ ,  { a } ,  { a , b } ,   𝕐


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { a } ) =  { b } , ℱ  (  { b } ) =  { c } , ℱ  (  { c } ) =


   { a } .  


  h y g − o s  ( 𝕏 ) =  { ∅ ,    { a } ,    { b } ,    { c } ,    { a ,   b } ,    { b ,   c } ,   𝕏 }


  h y g − c s  ( 𝕏 ) =  { ∅ ,    { a } ,    { c } ,    { a ,   b } ,    { a , c } ,    { b ,   c } ,   𝕏 } .


  ℱ


  h y g − c o n t r a   c o n t i n u o u s .


  g − c o n t r a   c o n t i n u o u s  


  h y g − c o n t r a   c o n t i n u o u s


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  g − c o n t r a   c o n t i n u o u s  


  𝕌


  g − o p e n  


  𝕐


  ℱ


  g − c o n t r a   c o n t i n u o u s


   ℱ  − 1  ( 𝕌 )


  h y g − c l o s e d


  𝕏 .


  g − c l o s e d


  h y g − c l o s e d


   ℱ  − 1  ( 𝕌 )


  h y g − c l o s e d  


  𝕏 .


  ℱ


  h y g − c o n t r a   c o n t i n u o u s .


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − c o n t r a   c o n t i n u o u s


  g − c o n t r a   c o n t i n u o u s


  g − p e r f e c t l y   c o n t i n u o u s


  h y g − c o n t r a   c o n t i n u o u s .


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  g − p e r f e c t l y   c o n t n u o u s


  𝕌


  g − o p e n


  𝕐 .  


  ℱ


  g − p e r f e c t l y   c o n t i n u o u s  


   ℱ  − 1 ( 𝕌 )


  g − o p e n


  g − c l o s e d


  𝕏


  g − c l o s e d


   ℱ  − 1 ( 𝕌 )


  h y g − c l o s e d


  𝕏 .


  ℱ


  h y g − c o n t r a   c o n t i n u o u s


  ∎


  𝕏 = 𝕐 =  { a ,   b ,   c }


    𝒢 1 =  { ∅ ,    { a } ,    { b } ,    { a ,   b } ,    { b ,   c } ,   𝕏 } ,     𝒢 2 =  { ∅ ,    { a } ,    { b } ,    { a ,   b } ,   𝕐 } ,


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  ℱ  (  { a } ) =  { b } ,   ℱ  (  { b } ) =  { c } ,   ℱ  (  { c } ) =  { a } .


  h y g − o s  ( 𝕏 ) =  { ∅ ,    { a } ,    { b } ,    { c } ,    { a ,   b } ,    { b , c } ,   𝕏 }


  h y g − c s  ( 𝕏 ) =  { ∅ ,  { a } ,    { c } ,    { a ,   b } ,    { a ,   c } ,    { b ,   c } ,   𝕏 } .


  ℱ :  ( 𝕏 ,     𝒢 1 ) →  ( 𝕐 ,     𝒢 2 )


  h y g − c o n t r a   c o n t i n u o u s


  h y g − p e r f e c t l y   c o n t i n u o u s .


  𝒉 𝒚 𝒈 − 𝒔 𝒆 𝒑 𝒂 𝒓 𝒂 𝒕 𝒊 𝒏 𝒈   𝑨 𝒙 𝒊 𝒐 𝒎 𝒔


    G T  0 h y g ,     G T  I h y g  


    G T  2 h y g − s p a c e s


  G T S


   ( 𝕏 ,   𝒢 )


    G T  0 h y g − s p a c e


  x ,   y ∈   𝕏 ,


  h y g − o p e n  


  G ∈ 𝒢


  x   ∈ G


  y   ∉ G


  𝕏 = { a ,   b }


  𝒢 =  { ∅ ,    { a } ,    { b } ,   𝕏 } ,  


  h y g − o s  ( 𝕏 ) =  { ∅ ,    { a } ,    { b } ,   𝕏 }


  a ≠ b


   { a } ∈ h y g − o s ( 𝕏 )


  a


  b


    G T  0 h y g


    G T 0 − s p a c e


    G T  o h y g − s p a c e


  𝕏


    G T 0 − s p a c e ,


    x 1 ,   x 2 ∈   𝕏


  𝕏


    G T 0 − s p a c e ,


  G ∈   𝒢 − o s ( 𝕏 )


    x 1 ∈ G


    x 2 ∉ G ,


    x 2 ∈ G


    x 1 ∉ G


  g − o p e n


  h y g − o p e n


  G  


  h y g − o p e n


  𝕏  


  𝕏


    G T  0 h y g − s p a c e .   ∎


  𝕏 = { 12 , 3 }


    𝒢 =  { ∅ ,  { 1 , 2 } ,   𝕏 } ,


  h y g − o s  ( 𝕏 ) = { ∅ ,  { 1 } ,  { 2 } ,  { 1 , 2 } , 𝕏 }


  h y g − o s  ( 𝕏 )


    G T  0 h y g − s p a c e


  𝒢


    G T 0 − s p a c e


    G T S    ( 𝕏 ,   𝒢 )


    G T  1 h y g − s p a c e  


  x , y   ∈   𝕏


    h y g − o p e n  


    G x ,   G y ∈ 𝒢 ,  


  x ∈ G x ,   y ∉ G x ,


  y ∈ G y ,   x ∉ G y .


  𝕏 = { c , d , e }


  𝒢 = { ∅ , ,  { c } ,  { d , e } , 𝕏 }


  h y g − o s  ( 𝕏 ) = { ∅ , ,  { c } ,  { d } ,  { e } ,  { d , e } , 𝕏 }


  h y g − o s ( 𝕏 )


    G T  1 h y g − s p a c e


   


    G T 1 − s p a c e


    G T  1 h y g − s p a c e


   


  𝕏


    G T 1 − s p a c e


    x 1  


    x 2  


  𝕏


  𝕏


    G T 1 − s p a c e ,


  G


  H


  𝒢


    x 1 ∈ G ,     x 2 ∉ G ,


      x 2 ∈ H ,   x 1 ∉ H


  𝒢 − o p e n


  h y g − o p e n


  G


  H


  h y g − o p e n  


  h y g − o p e n


  G


  H  


      x 1 ∈ G ,     x 2 ∉ G


    x 2 ∈ H ,


      x 1 ∉ H .


  𝕏


    G T  1 h y g − s p a c e .


  𝕏


    G T  1 h y g − s p a c e .


  h y g − o s ( 𝕏 )


    G T  1 h y g − s p a c e


  ( 𝕏 ,   𝒢 )


    G T 1  


  G T S   ( 𝕏 ,   𝒢 )


    G T  2 h y g − s p a c e


  x , y ∈ 𝕏


  h y g − o p e n


  G x , G y ∈ 𝒢


  x ∈ G x ,


  y ∈ G y .


  𝕏 =  { 2   , 3 ,   4 ,   5 } ,


  𝒢 = { ∅ ,    { 2 } ,  { 3 } ,  { 5 } ,  { 2 , 3 , 5 } , 𝕏 }


  h y g − o s  ( 𝕏 ) =  { ∅ ,    { 2 } ,    { 3 } ,    { 5 } ,    { 2 ,   3 } ,    { 2 ,   5 } ,    { 3 ,   5 } ,    { 2 , 3 , 5 } ,   𝕏 } .


  h y g − o s ( 𝕏 )


    G T  2 h y g − s p a c e


    G T 2 − s p a c e


    G T  2 h y g − s p a c e


  𝕏


    G T  2 − s p a c e


    x 1


    x 2


  𝕏


  𝕏


    G T  2 − s p a c e


  g − o p e n


  G


  H


  𝒢


    x 1 ∈ G


    x 2 ∈ H


  g − o p e n


  h y g − o p e n


  G


  H


  h y g − o p e n


  h y g − o p e n  


  G


  H


    x 1 ∈ G


    x 2 ∈ H


  𝕏


    G T  2 h y g − s p a c e


  ∎


  𝕏 =  { a ,   b ,   c ,   d } ,  


  𝒢 =  { ∅ ,    { c } ,    { a ,   b ,   d } ,   𝕏 } ,  


  h y g − o s    ( 𝕏 ) =  { ∅ ,    { a } ,  { b } ,    { c } ,    { d } ,    { a ,   b } ,    { a ,   d } ,    { b ,   d } ,    { a ,   b ,   d } , 𝕏 } .


  h y g − o s   ( 𝕏 )


    G T  2 h y g −   s p a c e


  ( 𝕏 ,   𝒢 )


    G T  2 − s p a c e


  𝒉 𝒚 𝒈 − 𝒐 𝒑 𝒆 𝒏


  𝑮 𝑻 𝑺


  𝛽 − o p e n   s e t s   a n d   𝛽 − c o n t i n u o u s   m a p p i n g s


  𝛼

