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ABSTRACT: This article focused on the notion of the non-abelian tensor product of groups of prime power order.
Particularly, it presented new graph named as Non-compatible action graph and discussed some of its properties.
Moreover, this graph concentrated on the case of non-compatible actions of the tensor product of two finite p-
groups. Furthermore, its adjacency matrix has been determined and discussed in detail. Moreover, the adjacency

matrix has been denoted by A(I‘ggz),) and its inputs are 1 whenever there is adjacency and 0 otherwise.
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1. INTRODUCTION

To construct new graph from a specific algebraic structure, we need to consider its structure with its properties. For
instance, groups and rings are different algebraic structures with different conditions both having the commutatively
property. Based on this property, there are some graphs have been introduced and named by commuting and non-
commuting graphs. More specifically, in [1] the author studied a graph named by commuting graph for a finite group
and in such graph any two different vertices are connect whenever the product of them is abelian. Moreover, the other
side of the product has been provided by [2] as a non-commuting graph of a finite groups and any two distinct vertices
are adjacent whenever their product is non-abelian. By following this approach, many authors followed this direction
by introducing new graphs each one is distinct from the other according to the property that has been considered by the
given graph. Some of these works was the conjugacy class graph of a given group which been provided by Bertram
et.al [3]. This graph was defined when the vertices set of it which is the set of non-central conjugacy classes of a group
and two different vertices are adjacent whenever their cardinalities are not co-prime. Furthermore, a graph named by
neutrosophic graph for some finite groups has been presented by Chalapath and Kumar [4] with some of its basic
properties have been investigated. In [5] the author introduced the compatible action graph for groups of prime power
order which focused on the case of compatibility of actions when b is an odd prime. Then, in [6] he completed the sub-
graph of the mentioned graph with some of its properties. In this paper, we introduced the non-compatible action graph
of two finite groups of prime power order by considering the case of non-compatible actions of their non-abelian tensor
product and studied some properties of it. Then, we computed its adjacency matrix with some of its properties.

2. BASIC CONCEPTS

This section included some definitions and some of the past results which are used in this study which have been
stated as follows.
Definition 2.1 [7] Let O and O’ are p-groups. Then, an action of O on 0’ is the mapping ¢: 0 — Aut(0) in which

o (xy)(z) = p(x)(p(y)()) where x,4 € Uand z € U’
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Definition 2.2 [7] Let O and O’ are p-groups in which each one act on the other. The actions of these groups are said to

be compatible on each other with the actions of O and O’ on themselves by conjugation if Corgr =~ (y(x_lx')) and

oy = (= 7'y) forall x, 2’ € 0 and ¢, 4’ € 0.

Proposition 2.1 [7] Let O and O’ be two groups such that the action of O on ' is trivial. If O is abelian, then the action
of O is compatible with any other action of 0'.

Theorem 2.1 [8] Let 0 = (x) = Cbm and 0' = (y) = Cb“ are groups of prime power order where b is an odd prime
and m, iy = 2. Moreover, let j € Aut(0) for which || = p®,w =1,--,m — 1 and ' € Aut(0") in which |p'| = p%, & =
1,---,n— 1. Then, (n,") is compatible pair iff w + & < min {m, n}.

Theorem 2.2 [8] Let O = (x) = C,m and 0’ = (g) = C,n are groups of 2-power order in which the actions upon each
other given by *¢ = ¢* and ¥x = x¥ with «,» € N. Moreover, let the action of 0’ on U has an order 25 and the
action of O on 0’ has an order 2¢ with s, ¢ € N. Then, the action are compatible iff v = 1 mod 25 and «« = 1 mod 2¢.

Theorem 2.3 [9] Let O be a cyclic group of order 2™, m > 3. Then, Aut(0) = C, X C,m-2 and |Aut(0)| = 2™,

Theorem 2.4 [9] Let O be a cyclic group of prime power order with p is an odd prime and m € Z*. Then, Aut(0) =
(vjb_l X Cbm-l and |Aut(0)| = (b — Dp™~L.

Definition 2.3 [10] Let A = [q; ;1 be a square matrix. The trace of A is the sum of its elements which are on the main

diagonal of A.

The paragraph bellow, contains some basic definitions of graph theory which are important in completing the results of
the present study. These basic definitions have been cited from [11-12].

Suppose O is a graph, then O is connected if any two different vertices of O having a path between them. Let O be a
connected graph, if any vertex of O has an even degree, then it's called an Eulerian graph. Furthermore, if O has solely
two vertices of odd degree, then it's called semi-Eulerian. Moreover, by regular graph we mean a graph all of its
vertices having the same degree. A graph O is said to be complete graph if there is only one edge between each pair of
its vertices. Finally, a graph O is said to be bipartite graph if its vertices set has the property that can be partitioned into
two sets Vand V', such that they are disjoint and any edge in O links a vertex from V; with the other from V.

3. MAIN RESULTS

This section contains the main results of this paper which started with the following definition.

Definition 3.1 Let O and O’ be two p-groups and let OQU' be a non-abelian tensor product of O and 0’ with (1, ") be a
pair of non-compatible actions of O®U'". Then, [ is a non-compatible action graph consisting of V(I‘gg&) which is

the set of Aut(0) and Aut(0’) and ]::(Fggg,) which is the set contains of all non-compatible pair of actions.

Furthermore, i and )’ are connect whenever they are not compatible.

Theorem 3.1 Let O = (x) = Cb‘“ and 0' = (y) = Cb“ are b-groups. Then, the order of ['jgr is given as follows.
1) Ifp = 2,m,n = 4 with O = ', then the order is 2™~1,

2)Ifp = 2,m,n = 4 with O # 0, then the order is 2™~ 4 2871,

3) Ifp is an odd prime with m = n > 3, then the order is (p — 1)p™~1.

4) If b is an odd prime with m # n = 3, then the order is (b — 1)(p™~1 + p®~1).

Proof: It follows by Definition 3.1 and Theorems 2.1,2.2.m

Theorem 3.2 Let O = (x) = Cym and 0’ = (g) = Cyn are b-groups . Then, [ gy, is not connected graph.

Proof: Since our dealing with p-groups, then we have to consider two cases. The first one is when p = 2 and the
second is when b is an odd prime. Now, let b = 2 with m, nj = 4. Furthermore, let ) € Aut(0) and ' € Aut(0’) be two
vertices of V(I‘gg&), then if |n| = 1, then by Proposition 2.1, 1j is compatible with any other vertex of Aut(0'). But
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Definition 3.1 gives us that 1 is not connect with any n’ € Aut(0"). This implies that rg?@%r is not connected. Finally, let
[n| = 2™ with m is positive integer. Then, by Theorem 2.2, 1j is compatible with any 1’ that have 2-power order.
Thereby, Definition 3.1, forces that 1) and )’ are not adjacent. Therefore, ['jgr is not connected graph. For the second
case, we can use the same way to prove the result by using Definition 3.1, Proposition 2.1 and Theorem 2.1. m

Theorem 3.3 Let O = (x) = Cym and 0’ = (g) = Cyn are b-groups. Then, [ey is a bipartite graph iff O # 0.

Proof: As we considered p-groups, then the proof will divided into two parts. The first part is when b is an even prime
and the second part is when b is an odd prime. Regarding the first part, leth = 2 with m,n > 4 and let [,/ be a
bipartite graph. That is mean V([‘gg:),) can be partitioned into two sets, say V;and V, for which V; NV, = ®. Now, let
0 =0, then Aut(U0) = Aut(0"). This gives us that, there are some vertices makes a loops with themselves and this
forces that V(Fggz),) cannot be partitioned. Thereby, we got a contradiction. Hence, O # 0'. Conversely, let O # 0’,
then Aut(0) # Aut(0"). This implies that V(I‘ggz),) can be partitioned into two disjoint sets Aut(0) and Aut(0') in
which a vertex from Aut(U) connect a vertex from Aut(0"). Therefore, Fg?@%r is a bipartite graph. By similar manner,

we can prove the second part. m
Corollary 3.1 Let 0 = (x) = C,m and 0’ = (g) = C,n are groups of 2-power order with m,ny > 4 . Then,
non

Len,
2. T5gy is not regular graph.

is not Eulerian (resp. semi-Eulerian) graph.

3. [pgy is not complete graph.
Proof: Clear. m

Corollary 3.2 Let O = (x) = Cbm and 0’ = (y) = qu are groups of prime power order with p is an odd prime
and m, 3 = 3. Then,

non

Len,
2. T5gy is not regular graph.

is not Eulerian (resp. semi-Eulerian) graph.
3. Tpgy is not complete graph.
Proof: Clear. m

In the next results, we discussed the adjacency matrix of this graph with some properties of it. We started with the
following proposition.

Proposition 3.1 Let U = (x) = C,+ be a b-group with p = 2. Then, A(T32%) is given bellow.

00000000
01 1 10111
010107101

A0 1100110
00000000
01 1 10111
010107101
01 1001 1 0]

Proof: Clear by Definition 3.1 and Theorem 3.1 point one.
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FIGURE 1. Non-Compatible Action Graph for Proposition 3.1.

1) is given bellow.
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Proof: Clear by Definition 3.1 and Theorem 3.1 point two. m

57



Mohammed Khalid Shahoodh., Wasit Journal of Computer and Mathematics Science Vol. 3 No. 1 (2024) p. 54-62

FIGURE 2. Non-Compatible Action Graph for Proposition 3.2.

Theorem 3.4 Let U = (x) = C,m be a b-group with p = 2 and m > 4. Then, A(T}2%) is a square matrix of size
2m=1 x 2m-1,

Proof: Letn,n' € V(Fﬁ?@’})), then by Definition 3.1, they are connect whenever they are not compatible. By Theorem
2.3, there are 2™~1 vertices in V( G&o) Which can be represented as rows and columns in A( b&0)-Therefore, we
achieved the result. m

non

Theorem 3.5 Let O = (x) = C,m and 0" = (g) = Cyn are groups of 2-power order with m, n > 4. Then, A(T3gy,

square matrix of size (2™~1 + 2871) x (2m-1 + 28-1),
Proof: It follows by Theorem 3.4. m

/) is a

Proposition 3.3 Let U = (x) = ;3 be a b-group with p = 3. Then, A(T32%) is given bellow.
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Proof: Clear by Definition 3.1 and Theorem 3.1 point three. m
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FIGURE 3. Non-Compatible Action Graph for Proposition 3.3.

1) is given bellow.

non
0®0

~

C;4 are p-groups with p = 3. Then, A(T

=(y) =

(x) = Cy3 and O

Proposition 3.4 Let O
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Clear by Definition 3.1 and Theorem 3.1 point four. m

Proof
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FIGURE 4. Non-Compatible Action Graph for Proposition 3.4.

Theorem 3.6 Let O = (x) = Cbm be a p-group with b is an odd prime and m > 3. Then, A( U&0) 1s a square matrix of

size (b — D™ x ((b — HP™™H).
Proof: Letn,np’ € V( 8?@%), then by Definition 3.1, they are adjacent if they are not compatible. By Theorem 2.4, there

are (p — 1)p™~1 vertices in V( U&0o) which can be represented as entries in A( 0®0)- Therefore, we obtanied the result.

Theorem 3.7 Let O = (x) = Cbm and 0’ = (y) = qu are p-groups with p is an odd prime and m,n = 3. Then,

A([‘gg}y) is a square matrix of size (b — 1)(b™"* +p*™ 1)) x (b — D)™ +p*™1)).
Proof: It follows by Theorem 3.6. m

Corollary 3.3 The trace of A([‘Zg&) is greater than or equal to zero in both cases when O = 0" and O # 0'.
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4. CONCLUSIONS

As a result, new graph has been introduced named as non-compatible action graph and some of its properties have
been discussed. The results showed that this graph is not connected graph, not regular graph and its bipartite graph
whenever the groups are not the same. Based on this study, many results can be extended to provide new properties of
this graph. Furthermore, the adjacency matrix of this graph has been determined. The obtained results shown that
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