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ABSTRACT: In this paper, we defined new triple transformation, which is called the fractional triple g-
transformation of the order @, 0 < @ < 1 for fractional of differentiable functions. This transformation is generalized
to double g —transformation. Which has the following form;

Te, (u& 1) =ps) ;7 5 fo Ea (= (@(S)E + qa(s)T + g3(s))" (d€)*(dT)(dp)°

Keywords: Triple transformation, Mittag-Leffler function, T-transformation, Fractional convolution problem,

Integral transform.
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1. INTRODUCTION

Transforms are powerful tools to solve many engineering and technological problems. It also has wide importance in
many fields, including science, engineering, astronomy, and others. The important part of the integrative transformation
is the nucleus of this transformation because through the nucleus we can distinguish the type of this transformation. In [1]
Jafari introduced a general integral transformation and called it the g transformation. He also studied the properties of
this transformation and its applications in differential equations, The mittag-leffler function is an important function and
is considered a generalization of the [2], [3] exponential function In this work, we used the mittag-leffler function as an
alternative to the exponential function in g- transform. Also in this paper we studied the properties of the fractional triple
g transform and its inverse and its applications in fractional derivatives because most solutions of fractional differential
equations are related to the mitttag-leffler function. In [4] the triple g transform and its properties were used to solve frac-
tional order partial differential equations based on the Riemann-Liouville fractional derivative. And the caputo fractional
derivative, we also presented many theories and examples related to the subject of the paper

2. FRACTIONAL TRIPLE g,-TRANSFORMATION

DEFINITION 2.1 [5, 6]:
Let u(é, ) be piecewise function. and its continuous where &, 7 > 0 and ¢ € (0, o) . then the Double g-transformation
Dg(u(&, 7)) is defined by the following integral:

Dg (1) = PPy [ e (£, 1) dxdt 1)

such that the integral is convergent for some" q;(s) , g»(s) are positive functions, and

IDgE Ol < 2L, Ju(&, 7)| < L€

DEFINITION 2.2 [7]:
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Let u(¢, 7, 1) be a function of three variables where &, 7,u € [0, c0) , then the Triple g-transformation of u(¢, 7, i) is
defined as;

T nw)=p(s) [ [ [ et eOm=atiy & o,y dédrdy,p(s) = pipaps @)

Such that &, 7, 4 > 0 and s is positivel constant and sup( :,f;ﬁ‘()ﬂ <0 ,a,b,c € R

The inverse of T g3 — transform It is expressed by the following relationship

A—in

u(é,T, /,t) — L e—ql(s)f—qz(S)T—qz(S)ﬂU (s)ds
2mi A—in
DEFINITION 2.3 [8]:
The r-gamma function is given by the formula:
[y (w) = {V EL ()% (dn)® .R 0 1 3
@) r(a+1>fo (1) (dr) c@>0 r> 3

In a special case when a = 1 "we get the classical gamma function™” T,

T = f “ e dx Re(w) >0
0

DEFINITION 2.4:
Let u(é, 7, 1) be a function of three variables where &, 7, u >0, then we define a fractional Triple g,-transformationl by
the following from:

Tea ) =p) [ [ Eal=(q1 ()& +q2 ()T + g3 () ) (d€)"(dD)*d ()" )
Where E, (w) is mittag-liffler function E, (w) = 3.2 1.(m+1) ,where p(s)>0and g1 (s) , ¢g2(s) g3(s) >0

,p(8) = p1pap3

REMARK 2.5:

The definition (2,4) can be written in another form using the properties of the mitttag-leffler function as follow
T ) =p) [§ [ f Eal=(q1 () &)-Ea(~(q2 (5) )™).Eq (—(g3 () )") (d&)*(d7)"d ()" )
PROPOSITION 2.6:

If u; (&, 7, u) and uy (&, 7, w) are a functions of three vairables &, 7, i ,then

Tga (alul (6’ T’H) + axup (5’ T ﬂ) + azus (ér’ T IJ)) =a Tg(l/ (6’ T7/J) + aZTgu/ (§’ T ,L[) + a3Tga/ (57 T’”) (6)

Proof:

The proof is performed from Definition (2.4)
EXAMPLES 2.7:

1) Tgaa):p(s)(( fo Ea<q1)“<1>(d§>“).( fo Ea(qu'(dr)“).( fo Ea(qlu)"(du)“)]

T,(DT(@+ D) (T,(DT @+ D) (T, (D (@ +1)
roil ) (R ()

qy qy qy
p(s) 3
——= (P @+1)
141213

2) Tga@”):p(s)(( fo Ea(qlf)”(f")(d-f)”)- ( fo Ea(qm“(dr)“).( fo Ea(qlma(du)‘f)}
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To(2+1)T@+ D) (T(DT @+ D)) (T(DT @+ 1)
=9 { ) )

1 @ @
Tz(n-%— ) ‘12 q3

PO (2 + 1) T2 + 1)

a(n+1)

9 BHE

00

) Tga(f”f’”ﬂ")=p(S)(( | E(,<q1§>”<§">(d§>a). ( | Ea<qlr)a<r'")(dr>“).( | Ea(quu)“(u")(du)”)]

a(n+1) a(m+1) a(k+1)
1 2 a3

To(2+1)T@+ D)) (To(2+1)T@+ D) (Ta(t+ )T @+1D)

PO (24 )Ty (2 + 1) (5 + D@+ 1)

(t(n+l)q(2¥(m+l)q<31(k+l)

4
PROPOSITION 2.8;
Tg,(u(a&, br, cu)) = a‘fb(z)ca U, (q;l, q—; . %) , Where a, b, ¢ are constants. @)
Proof:
Tgo (u(ag, br, cp)) = p(s) f f f Eo(= (q1€ + qa7 + q3p)) u(aé, br, cp) (dé)* (dr)*d(p)”
o Jo Jo
letdi=a¢ , y=brt ,B=cu
s I A e u % w\®
T, agbran) = 2 [ [ [ B (B0 22 Y iy @ ayrdsy”
a®b’c® Jo Jo Jo a b c
_ P Ua(@, @@)
a®b®c® a b c
PROPOSITION 2.9:
Tgo (Eo(— (@& + bt + ) u (€, 7,10) = p(s) Ua (@1 + @, g2 + b, g2 + ©) (3)
Proof;

Tgu (Ea(— (ak + bt + i) u (6, 10) = p fo fo fo Eo(— (@i + g7 + q3)®) Ea(—(aé + bt + ) (€. 7.0) (dé) () d ()"

By using.the formla Eo (L + 7+ ()" = EQ(LEM)EL(LT)E o (L(u®)

Then we have.

T (Ea(— (@€ + b + ) )u (€. 0)) = pls) fo fo fo Ea(=(a+ )€ + (b + @7 + (¢ + g)™) (&7, ) (dE)° (dr)*d()”
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Tgo (Eo(—(aé + bt + c)u(é,7,1)) = p(s) Uy (g1 + a,q2 + b, q2 + )
PROPOSITION 2.10:

p()d**

Tgo (U ué, 7, 1) = WT&Y &, 7w) 9
104,043

Proof:
T g0 (€T (& 7,0)) = pls) f f f EE, (—(q36)") 2 Ea (~(q57)") 4°E, (~(q3)") (&, 7,10) (dE) (dr) d(p)"

By using.the equality DS (E, (—s1%)) = —t"E,(—st%).
Then we obtain.

00 00 00 a(y
T (€T (E.7.10)) = pls) f f f LB @) ZE g, —E (g w4 @ A
0 0 0 5511 @ dq q

830
o[ [ 5 Gt ) B () (a6, ) (0
0q0q50q

Therefor

p(s)d**

Tgo E U uE T, 10) = ——m—rm—=Tgo (u(&, 7, 10))
941945045

DEFINITION 2.11 [9]:
Letu, v are the functions of three variable such that, 7, u > 0, then the fractional triple convolution is defined as.follows

WE T v ET) = [ [ [ U@ =2, 7=y, 1= Pv(Ly.p) (dé) ([dr) (dp)” (10)

THEOREM 2.12:
Let u and v be a function then

T 8o (w5 #qv) (§,7, 1) = (s )Tga (&7, ) . Tga (v(E, 7, 10)) (11

Proof:

T (0t 5 %av) (&, 10) = p(s) fo fo fo Ea(— (& + a7 + o)) (e * #av) (&7 2) (dE)*(d0)*d ()"

) 00 00 T L
= p(s) f f f Eo(= (@)")-Eal~ (1)) . Ea(— (g™ X[ f f f I T
0 0 0 0 0 0

v(4,y, D) (dy)* (dB)* 1(de)* (dr)*d(w)*
Letn=¢6-2 , m=T-Yy , k=u-p and we take limit from 0 to oo

= P(S)j(; j(; fo Eo(=q{(n+ )%). Eo(=q5(m + )" Ea(—q{(k + B)*

X( f(; fo‘ fo‘ u(n, m, kyv(a,y,B)N(dAD)*(dy)*(dB)*1(dn) (dm)*(dk)*
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_p(s)f f f gin"). Eu (=gsm®)Ea (=g{k") (r,m. 10 (@) (dm)"d (0)° f f f ).

Eq (=a37") Eo (=a58%) v (4,7, 8) (dD) (dy)"d (B)"

Thus

1
_Tga (M (‘f’ T /J)) -Tgoz (V (‘i:’ T, ,Ll))

Tgo (us * %,v) (x,1,2) =
p(s

DEFINITION 2.13:
The fractional delta function of three variables 6, (¢ —n, T—m, u—k) ,@ 0 < a <1 is defined as follows that.

Je e Jew € Tp) 60 = 7= m, = ) (@O (T ()" = p(s) @u (n,m, k) (12)

EXAMPLE 2.14;
We taking 6, (€ — n, T —m, u— k) then.

Tgo (- T—m, 1=K} = pls) fo fo fo Eo (<16 + g2 + a30)") 60 (€ — 1, T— m, gt~ k) (d&)(dD)" (dpa)”

= p()° Eq (—(q1€ + qo7 + q3p0)")

THEOREM 2.15;
Let U,g3(s) be the triple g, — transform of u (¢, , ;) which define in following formula :

Tgo(u (1) = Uag3(q19293) = p(S)f f f Eo(=(q1 ()& + q2 () T+ g3 () ) (d&)*(d7)"d ()"
0o Jo Jo

then the invers formula is defined as;

787" (Uag (5)) = (€, 10) = f f f Eol(@1 (€ + 42 (5)7 + 0 ()10 o () (dg)"(dga)"(dg)” (13)

p()( o Jico Joico Joico

Proof :

T = )3f f f B Eaaxe Enta o g dar [ [ [T Ec@

E+q2(9) T+ q3 () U™ u(A, v B)(dA) (dy)* (dB)”

p(s)(m, )Srrf f f u(A, y.B)d)*(dy)*(dB) [m [m [m Eo(—g7(& = D)%)

Eo(=q5(t = ¥)".Ea(—q{(z = B)*(dq1)*(dg2)" (dgq3)"

1 0o 0o 00 3a
- T fo fo fo e 4,7 ) 6a(A £,y =7, = WAV () @B

: f f f UL YB) Sal— &, ¥ =T, B — pd) (dy) (dp)"
p(s)a

= “(6’ T /l)
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3. FRACTIONAL TRIPLE g,-TRANSFORMATIO FOR FRACTIONAL PARTIAL
DERIVATIVES

In this section we apply the fractional triple transformation to find some partial derivatives. We will explain it through
the following theorems;

THEOREM 3.1:
Let u = (&, 1, 1) be a function of three variables such that,&, 7,u € (0,0) , . € R* then.

(5§af(§ 7 ,U)) 4{F (P, 4192, 93) =T (1 + @) g (f (0,7, 1) , P2, 42) (14)

Proof:

a(l 00 00 00
Tga(@f(f,nu)):p(ﬂ fo fo fo o= Ea(— ST Ea(~q%1 “)@f(ffu)(df)“(df)“(du)“

g (Ea(— e )a—émf(fTu)(df)"}pzm f f 437" Eu(—g3u" o) )"

By using fractional integration by part formula in the inner integral then we get:
“pon [ [ E(cae) Eucati T+ 0 B (i) p @l - [ (i)

9 f(& ru)(d€)* (dé) ()" (dp)*

- _ra +a)p2p3f f Eo(—q5u™) u(0, 7, 1) (dT)“(d#)“+q(1”P1P2P3£ fo fo E

Eq (457) w(€, 7. p)(dD)" ()" (dp)”

atl

Tg, (6§af(§ T, ,U)) 41U, (P, 419, 43) = T(1 + @)Dgo(u(0, 7, 1), p2, 4>)

THEOREM 3.2:
Let u = (&, 1, 1) be a function of three variables such that ,&, 7,u € (0,00) , . € R*lthen

o”
Tga (87’4(577’#)) = qua (P’ q19>, q3) - r(l + a)ga (M (57 O’H),Pl,‘h) (15)

Proof:

aa 00 00 00
8a (ﬁf (&, T,/J)) = p(s) fo fo fo Ea(—QS’E“)Ea(—qu“)Ea(—q3,u”)@M(S 7, )(d&) (dr)* (dp)”

00 a(l
= pipa f f ) Eu(gf e s [ (E (~4i7") o 0 )"

By using fractional integration by part formula in the inner integral then we get :

—plpsf f Ea(—%u®[ [T (1 + )

Ea (_q(;TQ) u (é:? T, 'u)]fzo - sz(; (67'" ( )) u(é‘: T, /J)(dg)a (dT)a(d,u)a
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= I+ O)p1py fo fo Eo (~a3€") Ea(—q3u® (0, 7, 1) (&Y (i) + g p1pops fo fo fo Ey (~3€") Ea (427

Eo(=g5u™u(&, 7, p)(d7)* (d)" (du)®

a(l
Tg, (@u & T,u)) = 41U, (P, 9192, 43) = T(1 + @)Dga(U(0, 7, 1), 2, G2)

THEOREM 3.3:

Letu beza function &, 7,u € (0,00) , «a € R" then

Tg, (521 € rw) = @)?u(0,0,1) = (@) g5 Ua (0,42, g3) — (@) ¢ Ua (91,0, 43) + 47455 Ua (6,7, 1)
Proof:

The proof is complete by using the Theorem (3.1) and Theorem (3.2)

4. CONCLUSION

In this article, we have covered a new definition of the fractional triple g-transform and its inverse. as we discussed
some of the characteristics of this transformation, while studying some theorems and examples. In addition, we found the
fractional triple transformation for fractional partial order derivatives.
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