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ABSTRACT: The concept of Differential algebra has been played an influential role in various directions of abstract
algebra. This notion has been considered before fifty years ago with semi-ring and several types of rings. Furthermore,
the commutatively of a given ring or semi-ring has been also investigated under the notion of derivation and many
studies have been published in this way. Based on the concept of derivation, its generalization has been introduced
by Bresar [9] and a lot of works are presented about this generalization in various types of rings and semi-rings.
Motivated by these works in the literature, we introduced the concept of generalized projective product of n-number
of semi-rings. In addition, we studied the convers of this case which is saying that if the generalized projective product
of n-number of semi-rings existed, then there exist a corresponding derivations, generalized derivations, semi-
derivations, generalized semi-derivations, Jordan derivations, generalized Jordan derivations, Jordan semi-derivations
and Generalized Jordan semi-derivations on the semi-rings R;respectively for any i=1,:--,t..

Keywords: Projective product, Semi-ring, Derivation, Generalized Derivation, Semi-derivation.

1. INTRODUCTION

A semi-ring is a mathematical system (R, +,-) with the binary operations + and - such that - is distributive on + for
any element of R. Many studies have been considered the concept of differential algebra with various algebraic structures
in order to study some of its basic properties. For instance, Haetinger and Mamouni [1] introduced the concept of
generalized left semi-derivations in the non-commutative ring and presented some results about it. A paper by Lee and
Zhou [2] had studied the notion of Jordan * -derivations of prime rings. The authors showed that any Jordan * -derivation
of non-commutative prime ring with involution * is X-inner. In [3] Jing and Lu studied the generalized Jordan
derivations and generalized Jordan triple derivations of prime rings. Particularly, they showed that any generalized Jordan
derivations (resp. generalized Jordan triple derivations) of 2-torsion free prime ring is a generalized derivation. The idea
of projective product of two semi-rings has been introduced by Sindhu et. al [4]. The concept of left semi-derivations has
been discussed on prime near-rings by Bharathi and Ganesh [5]. They showed that the near-rings that contains the left
semi-derivations which satisfying some identities are commutative rings. Furthermore, the definition of semi-derivation
of near-ring has been presented by Boua et. al [6]. In particular, the authors proved that the prime near-rings that satisfying
some identities with semi-derivations are commutative rings. In addition, the concept of generalized semi-derivations of
prime rings with some of its properties has been provided by Filippis et. al [7]. Precisely, they discussed the structure of
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* -prime rings that including the notion of semi-derivation which satisfying some properties on * -Jordan ideals of given
prime ring. Moreover, the idea of generalized (o, 7)-semi-derivations on prime near-rings has been presented by Reddy
and Bharathi [8]. The authors proved some results that concern on the commutativity of prime near-ring that contains
generalized (o, 7)-semi-derivations. Some recent results which contains the idea of generalized derivations of semi-ring
have been presented in some articles. For example, generalized (&, 8)-derivation of prime semi-ring has been introduced
by Rasheed et. al [10]. The authors used this concept to present some results that concentrated on the commutatively of
the proposed structure. The commutatively of prime and semi-prime invers semi-ring has been investigated by using the
concept of generalized reverse derivation [11]. In addition, the commutatively of quotient semi-ring has been proved by
Mahmood et. al [12] in view of generalized derivation. While, the concept of generalized commuting mapping of prime
and semi-prime rings has been presented by Mahmood [13]. In this paper, we generalized the results of [4] to the finite
number of semi-rings. In other words, we introduced the generalized projective product of n-number of semi-rings. The
structure of this paper is given as follows. In section two, some of the past results that are needed in this study have been
stated. Section three contains the basic results of this paper and the conclusions have been provided in section four.

2. BASIC CONCEPTS

In this section, we presented some basic concepts that are needed in this study. We commence with the following
definition.
Definition 2.1 [1] A self-map m: R — R is said to be derivation on the ring R, if m(kn) = m(x)n + kn(n) for any

K,nER.

Definition 2.2 [1] A self-map 6: R — R is said to be generalized derivation (G-d) on the ring R, if there exist a
derivation m: R — R such that 8(kn) = 0(x)n + krn(n) for any k,n € R.

Definition 2.3 [1] A self-map m: R — R is said to be semi-derivation (S-d) on the ring R associated with the function
A, if w(kn) = w(k)n + A(k)n(n) = t(k)A(n) + kr(n) and n(/l(;c)) = A(n(k)) for any k,n € R.

Definition 2.4 [1] Let 7w be a semi-derivation of R associated with the function A.Then, 8: R — R is said to be
generalized semi-derivation (G-S-d) of R, if (k1) = 0(1x)n + A()m(n) = 8(k)A(n) + kr(n) and O(A(k)) =
A(6(x)) for any k,n € R.

Definition 2.5 [2] A self-map m: R — R is said to be Jordan derivation (J-d) on R, if m(k?) = m(x)k + km(k) for any
K €ER.

Definition 2.6 [3] A self-map 6: R — R is called Generalized Jordan derivation (G-J-d) of R, if there exist a Jordan
derivation 7r: R — R such that 8 (k?) = 0(x)x + kr(k) for any k € R.

Definition 2.7 [4] A self-map m: R — R is said to be Jordan semi-derivation (J-S-d) on R associated with the
function 4, if m(x?) = w(k)A(x) + Kk (k) = Tw(k)k + A(x)7(x) and n(/l(lc)) = A(n(k)) for any k € R.

Definition 2.8 [4] A self-map 6: R — R is said to be Generalized Jordan semi-derivation (G-J-S-d) on R associated
with Jordan semi-derivation 7, if 6 (k2) = 0(k)A(x) + k() = 8(k)K + A(x)7 (k) and 8(A(x)) = A(6(k)) for any
K ER.

Definition 2.9 [4] Let R, and R, be two semi-rings and R = R, X R,. Two binary operations which are addition and
multiplication defined on R by (x4, k3) + (11,13) = (k; + 14, Ky +1,) and (ky, k3) - 1, 12) = (k1 - N1, Ky - 1,) for
any k = (kq,k3),1 = (n1,m,) € Rand k1,1, € Ry, K, N, € R,. Then, R is called the projective product of Ry X R,.

3. MAIN RESULTS

This section contains the main results of the present paper. We commence with the definition of generalized
projective product which is given in the definition bellow.

Definition 3.1 Let R, R,, ---, R, be a finite number of semi-rings. We define the projective product of R, R,, -+, R,
as a semi-ring R = Ry X R, X --- X R, with the usual binary operations addition and multiplication on R such that

(eq, 12, ) + (MM 0 M) = (kg + 14, kg + 1,00 K + 1) and (ieq, kg, oo, k) (M, M2+, M0) = (K6q " My, 05
Ny ke M) forany k = (icy, Ky, -+, k), = (1,02, M) E Rand k;,n; € R; wherei =1, -+, 7.
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Theorem 3.1 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If r; are
derivations on R; for each i = 1, -+, 7.Then, m: R — R which is given by (k) = w(ky, Ky, K;) =
(11 (#¢1), 5 (x¢3), -+, (k) is a derivation on R for any k = (ky, Ky, , k) € R and k; € R;.
Proof: Let k = (iq, 1y, , k), 1 = (N1, M2, -+, M) € R then, by Definition 2.1, we obtained m(kn) =
T((ky, kg, oo k) = (M1, M2+, M)
=1(Ky - Ny, Ky Moo, Kg * 1)
=1y (Ky - 11), T (Ky - 2), -+, oo (K~ 1)
= (my (e)my + 16701 (1), (T2 (k)N + Ko (02)), -+, (T (), +
KTT[T(nT))
= (my ()M, o ()N, -+, e (kM) + (ka1 (1), Koo (12), -+
4 KTT[T (nT)
= (kg Ky oK) - (M M2 0 M) + (Ky, Kg, ooy g - 01, M2, 0+, 1)
= n(x)n + kn(n) for any k,n € R.
Therefore, m is a derivation on R. m

Theorem 3.2 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If §; are
G-don R; foreachi = 1,---,7.Then, 8: R — R which is given by 0(k) = 0(x;, Ky, ", Ky) =
(0,(x1),0,(ky),+,0,(k.)) is a G-d on R for any k = (kq, Ky, -+, K;) € R and k; € R;.
Proof: Let k = (kq, K5, , k), = (M1, M2+, 1) € R then, by Definition 2.2, we have 8(kn) = 0((kq, Ky, =+, K7) -
1,12, +,10))
= 0Ky My Ko Moo K " M)
= 01(ky - 11), 02 (kz - M2), -+, O (- 1)
= (60, (c)ny + k111 (11)), (62 (k)N + K212 (M2)), -+, (B ()N +
KTT[T(T’T))
= (01 ()N, O2(kdM, -+, O (e IN) + (1471 (1M1), K272 (M2), )
KTT[T(TIT))
=01y, K, k) - (MM M) + (g, g, oo kg = (M1, M2, 0+, M)
= 0(k)n + km(n) for any k,n € R.
Therefore,  isaG-don R. m

Theorem 3.3 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If r; are
S-don R, foreachi = 1,--,7.Then, m: R — R which is given by m(k) = mw(ky, k;, -, K;) =
(11 (#¢1), 5 (xc5), -+, (k) is @ S-d on R for any k = (#,, Ky, -+, k) € R and k; € R;.
Proof: Let k = (iq, 1y, , K ), 1 = (N1, M2, -+, M) € R then, by Definition 2.3, we get w(kn) = w((ky, Ky, ++*, Ky) *
(1,12, ++,712))
=7(ky - Ny Ky N2yt K * M)
=1y (ke - Mp), T (Kep - M), o oo (K~ 1)
= (my (kg + A1 ()1 (1)), (2 ()N + A5 (K2)72(102)), -+,
(e (k)N + A (k)T (1))
= (my (ke )Ny, T (DM, -+, T (kM) + (A ()T (1), A2 (k)2 (112)), -+,
AT(KT)T[T(nT))
= (11 (1), o (162), -+, T (1)) - (M2, o+, M) + (A (y), A5 (1c2), -,
A (k) - (1), 2 (02), -+, 70 (1))
= 1(ky, kg, oo Kg) - (M M2, M) + Ay K, oo k) » T4, M0+, )
=n(x)n + A(k)m(n) for any k,n € R.
Also,
m(kn)

(kg Koo 1) = (M1, M2+, M)

(kg - Ny, Ky " Mgy K~ M)

1y (kg - 1), 7o (g~ M2), -, T (i * M)

(1 (kDA (1) + k11T (1)), (72 (K2) A2 (02) + K2 (112)), -+
(nT(KT)AT(T’T) + KTT[T (T’T))

= (my (k)AL (1), T2 (k) A2 (12, -+, T (e ) A (1)) +
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((rer1y (1), Ko (M2), -+, KT (1))
= (11 (ky), 2 (K2), -, o (Kp)) (/11 (1), A2(m2), - '/11(771)) + (Ky, K, 0y Ky)
(M), 2 (12), -+, (M)
= 1(ky, kg oo Kp) - A, Mgy M) + (g Kgy oo 1) » T, M0+, )
= n(x)A(n) + kn(n) for any k,n € R.
Now, n(/l(lc)) = m(A(Kky, Ky, 0, K7))
= (A4 (K1), A2 (K2), -+, A (k)
=11 (A4 (1)), T2 (A2 (K2)), -+, T (A (k)
= A1 (101 (K1), A5 (05 (K2)), -+, A (1 (k)
= A1y (1), o (K3), -+, o (k)
= A (K, kg, o+, Kr))
= A(ﬂ(K)).

Therefore, tisaS-donR. m

Theorem 3.4 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If §; are
G-S-don R; for eachi = 1,-+-,7.Then, 6: R — R which is given by 0(k) = 6 (i, Ky, -+, K;) =
(0,(x1), 0,(K3),++,0:(k;)) is a G-S-d on R for any k = (kq, K5, ***, k;) € Rand k; € R;.
Proof: Let k = (kq, Ky, -+, k), 1 = (M1, M2, . M) € R then, by Definition 2.4, we get 0(kn) = 0((kq, Ky, , Ky) -
1,2, +,10))
= 0Ky MK Moot K " M)
= 0, (rc1 - 1), 02 (53 - M), -+, 0 (ke - 1)
= (0, (c)ny + A1 (k)1 (1)), (02 (12N + A3 (k)72 (102)), -+,
(97.' (KT)UT + AT(KT)T[T (nT))
= (01 (c)m1, 02 (k) -+, O (ke IN) + (A ()T (1), A2 ()02 (112)), -+,
AT(KT)T[T(YIT)
= (01(11), 02 (1c2), -+, 0 (1)) - (M1, M2+, M) + (A4 (q), A2 (062, -+,
A (k) - (1), 2 (02), -+, ()
= 0(ry, K3, ) - MMz, M) + A(Key Ky oo 1) » TN, M0+, 1)
= 0(x)n + A(x)w(n) for any k,n € R.
Also, 0(kn) = 0((rey, Kz, ) - (M1, M2+, M)
=01y MK M2, Ky M)
= 0, (ry - 11), 02 (K5 - 2), -+, O (K - 1)
= (01 (k) A (1) + ’171(M1)), (02 (12) A, (M2) + K22 (M2)), -+,
(QT(KT)AT(nT) + KTT[T(nT))
= (01 (k1) A1 (1), 02 (k) A2 (M2), -+, O (ke ) A (1)) +
(111 (1), K212 (M2), -+ Kee T (1))
= (01(11), 02(12), -+, 0 (k) (/11(771): A2(12), "'.ﬂr(nr)) +
ey, bz - ) - (T (1), T2 (02), -+, T (1))
= 011, K, ) - Ay, Ny oo M) + (kg K oo 1)~ TNy, N+ M)
= 0(x)A(n) + kn(n) for any k,n € R.
Now, 8(A(x)) = 0(A(ky, Ky, -+, Kr))
= 0(A1 (1), A3 (K2), -+, A (k)
= 0;(41 (1)), 0, (A2 (k2)), -+, 0 (A (k)
= 41(0,1 (1)), A2 (82(k2)), -+, A (0 (k)
= A(6,(x1), 0, (x2), -+, 0:(kc1))
= A(0(ky, Kz, Kr))
= 2(6(x)).
Therefore, 6 isa G-S-don R. m
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Theorem 3.5 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If r; are
J-donR; foreachi = 1,---,7.Then, m: R — R which is given by m(k) = (i, Ky, k) =
(1, (kq), 1y (1c5), -+, o (k;)) isaJ-d on R for any k = (ky, Ky, , k) € Rand k; € R;.
Proof: Let k = (i, iy, -+, k) € R then, by Definition 2.5, we obtained
m(k?) = m(xc?, k2, -, k2)

= 1y (K1), o (k3), -+, 0o (kF)

= (my (re)key + 1374 (K1), (T2 () ke + Ka Mo (K3)), -, (o ()i, +

KTT[T(KT))
= (g (re)key, o (1) Keg, o+, oo (e )ier) + (rey 7oy (iey), Kep o (2, oo bee T (K))
= (101 (161), 2 (163), o+, T (1)) - (Keqy Kp, oo bep) + By, g, o 0eg)
(11 (1), 2 (K2), -+, T (k)

=1(ky, Ky, oo Kg) - (Kyy K, oo k) + (q, Kg, o0 1) - (kg K, o0y Ky)

= n(x)k + kn(x) for any k € R.
Therefore, tisaJ-don R. m

Theorem 3.6 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If §; are
G-J-don R; foreachi = 1,---,7.Then, 8: R — R which is given by 8(k) = 0(ky,k;, k) =
(0,(x1), 05(K3),++,0.(k;)) is a G-J-d on R for any k& = (K4, Ky, , k) € Rand k; € R;.
Proof: Let k = (kq, K, ++, k;) € R then, by Definition 2.6, we obtained
0(x?) = 0(ki, k3, -+, k2)

= 01(k), 0, (x3), -+, 0. (x7)

= (01(rc)) Ky + K11 (K1), (B2 (Kex) Kz + koMo (K3)), -+, (O (), + KT (K))

= (0111 )k, 05 (1) Kg, o+, O (K )Kr) + (rey oy (), KpTo (Kg), -+, KT (K )

= (01(1c1), 02 (12), -+, 0, (1)) - (e, Keg, o k) + (g, Koy oK)

(14 (re1), 105 (i2), -+, T (K1)

= 0Ky, Ky, o Kp) - (g, Kg, oy Keg) + (Key, Ko, o0y beg) - (K, K, o, )

= 0(k)k + km (k) for any k € R.
Therefore, 8 isa G-J-don R. m

Theorem 3.7 Let R; be a finite collection of semi-rings with R is their projective product for any i = 1,---, 7. If r; are
J-S-d on R; for eachi = 1, -+, 7.Then, m: R — R which is given by (k) = w(ky, Ky, k) =
(11 (1¢1), 5 (1), -+, o (K)) is @ J-S-d on R for any k = (kq, Ky, -+, k;) € Rand k; € R;.
Proof: Let k = (i, iy, -, k) € R then, by Definition 2.7, we have
m(k?) = n(ki, k3, k?)
=y (1), 1y (13), -+, 7o (1cF)
= (1 (1) A4 (1) + Ky 101 (K1), (102 (162) A () + KTy (K2)), -+,
(nT(KT)AT(KT) + KTTL_T(KT)
= (1 (161) A1 (1), T (K2) A (Ke), -+, T () A (Ke,)) +
(CLACHRL A IR M)
= (1 (161), T (K3), -+, T () - (/11('(1):/12("2)' '}{T(KT)) + (kg Kz Kr)
- (i (ey), o (1c2), o 7o ()
= (Ky, Ky oo Kp) - A(Ky, Kg, oy bep) + (Key, Kg, ooy Keg) - TT(Ky, K, o, )
m(k)A(x) + kn (k) for any k € R.

Also,
m(k?)

(ki K3, k2)

1y (1), o (3), -+ 0o (F)

= (g (re)rey + Aq (k)71 (161)), (T2 (Kep) ke + Ap () T2 (K2)), -, (o (e ke, +
/17.' (KT)HT (KT)

= (g (re)key, o () kg, o+, oo (e )ier) + (Aq (e )7y (Key), Ao (1ep) 72 (162, -,
/17.' (KT)HT (KT)

= (1 (1), T (K)o T (1)) - (e, Koy oK) + (/11("1):/12("2): ""/11("1)) :

(1 (1), o (12, -+ o (k)
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= (K, kg, o Kg) < (K, Kgy oo Keg) + Ay, g, o Keg) - TE(Key, K, o )
= n(k)k + A(x)m(x) for any k € R.
Now, n(/l(lc)) = nm(A(Kky, Ky, 0, K7))
= (A1 (161), A2 (,2), -+, A (k)
=1y (A (1)), T2 (A2 (162)), -+ T (A (k1)
= A (1 (1)), A (2 (162)), -+, A (0 (k1)
= A1y (161), 2 (13), -+, 10 (k1))
= A (K, kg, o+, Kr))
= A(ﬂ(K)).

Therefore, tisaJ-S-donR. m

Theorem 3.8 Let R; be a finite collection of semi-rings with R is their projective product forany i = 1,---, 7. If 6; are
G-J-S-d on R; for each i = 1,---,7.Then, 8: R — R which is given by (k) = 0(kq, Ky, *++, k) =
(0,(x1), 0,(x3), -+, 0,(k;)) is a G-J-S-d on R for any k = (¥4, Ky, , K;) € Rand k; € R;.
Proof: Let k = (i, iy, -+, k) € R then, by Definition 2.8, we have
0(k?) = 0(kf, k3, kF)
= 0, (K1), 0, (k3), ++, 6 (k7)
= (0101 A1 (re1) + K171 (k1)) (62 (K2) A2 (162) + Ko (162)), -+,
(QT(KT)AT(KT) + KT”T (KT)
= (01 (1) A1 (1c1), 02 (1) A5 (2), -+, O (e ) A (k) +
(GG R AACY R A M)
= (01(k1), 05 (k2), -+, 0 (k7)) - (/11 (re1), A2 (12), -+, Ar("r)) + (K, kg, )
(1, (iey), 3 (12), -+, 7o (1))
= 0Ky, Ky, o Kp) - A(Ky, Kg, oK) + (K, Kg, oo ) - (K, Kg, oo Ky
= 0(k)A(k) + km (k) for any k € R.
Also,
0(x?) = 0(kf, k3, -, kF)
= 0, (k1), 0, (k3), +++, 6 (k7)
= (0, ()i + Ay (k)14 (K1), (02 (K2 ) Ky + Ao (k) T2 (K2)), -+, (6 (ke +
AT (KT)HT (KT)
= (0, (rc)Keq, 02 (KK, -+, O (K )r) + (Aq (e )7y (1), Ao (Ke2) T2 (K2), -+,
AT(KT)T[T(KT)
= (01(x1), 05(12), +, 0:(17)) - (kg Kep, oo ) + (/11 (1), A2(12), -, AT(KT)) :
(1 (1), 2 (162), -+, T ()
= 011, K, ) - (K, Kg, oo Keg) + Ay, Kep, oo Kep) = (g, Kgy oK)
= 0(x)k + A(k)m (k) for any Kk € R.
Now, 8(A(x)) = 0(A(ky, Ky, -+, Kr))
= 0(A1 (1), A5 (1c3), -+, A (k7))
= 01(A1(161)), 0, (A5 (12)), -+, 0 (A (i)
= 21(01(161)), A2 (0,(12)), -+, A.(6: (i)
= A(6,(x1), 0, (x2), -, 0: (k1))
= A0y, ke - Kr))
= 2(0(x)).
Therefore, 8 is a G-J-S-don R. m

Theorem 3.9 Let 7 be a derivation on the projective product R of [[f-; R;. Then, there exist a corresponding
derivations m; for any i = 1,---, T on the semi-rings R; respectively.

Proof: Let 7 be a derivation on the projective product R of [[7-; R; defined as m(x) = m(xy, Ky, -+, Ky) =

(11 (kq), 1y (Kep), -, (Ky)) = (ry, 1y, -+, 1) With ;i R, — R; are defined by m;(k;) = 1; = x;(w(ky, k,)) for any
K; € R;. To show that ;: Ry — R is a derivation. Let iy, 7, € Ry then i () +11) = x(m(rey + My, Ky +12)) =
X1y, 162)) + x1 (w1, M) = 7y (i) + (). Thus, 7y is an additive map. Now,
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7y (k1) = Xl(”(KU)) VK, M ER
= x1 ()N + ke (m))
= X1 (1 (1), 5 (12)) (1M1, 12) + (kg K2) (01 (1), 02 (12)))
= X1 (1 (k)N1), (w2 (k2)IN2) + X1 (k1711 (1)), (K2 72(M2)))

= 1y (k)11 + K171 (1)
Therefore, m; is a derivation on R;. m

Theorem 3.10 Let 8 be a G-d on the projective product R of [[f_; R;. Then, there exist a corresponding G-d 6; for
any i = 1,---, 7 on the semi-rings R; respectively.
Proof: Let 6 be a G-d on the projective product R of [[{_; R; defined as (k) = 0(ky, Ky, -+, Ky) =
(0,(Kky), 05(K3), -+, 0.(Kk;)) = (1y, 1, -+, 1) with 0;: R; — R; are defined by 0;(x;) = r; = x;(0(x4, k;)) for any
K; € R;. To show that 8,: R; — R, is a G-d. Let x;,1; € R, then
01(rcymy) = X1(9(K77)) Vi, n €R

= x1 (8GO + k()

= x1((61(x1), 02(12)) (M1, M2) + (kg k2) (1 (1), T2 (M2)))

= x1((61(k)n1), (B2 (k2))N2) + x1((r1 71 (1)), (k272 (112)))

=6, (k)N + Ky, (1)
Therefore, 6; isaG-donR,. m

By the same way we can show that the same results for S-d/ G-S-d/ J-d/ G-J-d/ J-S-d and G-J-S-d.
4. CONCLUSION

As aresult of this study, the generalization of the projective product for n-number of semi-rings which concentrated
on derivations, generalized derivations, semi-derivations, generalized semi-derivations, Jordan derivations, generalized
Jordan derivations, Jordan semi-derivations and generalized Jordan semi-derivations has been introduced. Moreover, the
converse of these results has been also studied.
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