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ABSTRACT: Abstract algebra is one of the influential branches in the field of pure Mathematics. This field
concentrate on the study of the algebraic structures and discussed the relationships among them. Many studies
have been presented various types of algebraic structures some of which independently and some others have
been constructed via extending form other algebraic structure in order to investigate some of their properties.
In this paper, we established an algebraic structure namely BDM-Algebras and studied some of its properties.
Furthermore, we presented the O-commtativity, sub-algebra and normal sub-algebra of a BDM-Algebras. In addition,
we provided BDM-homomorphism and the kernel of BDM-homomorphism with some properties of them. Moreover,
we introduced the quotient BDM-Algebras by using the notation of normal ideal of BDM-Algebras. Finally, we
introduced the concept of the direct product of BDM-Algebras and some of its properties have been discussed. Some
examples are given to illustrated the results.
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An algebraic structure namely B-algebras has been introduced by Neggers and Kim [1]. This algebraic structure has
been defined as a triple (X, 6, 0) such that it obeys some specific conditions. The authors presented the commutativity of
this algebraic structure and proved some results about it. Another algebraic structure namely BMAlgebras which based on
some conditions of a B-Algebras has been introduced by C. B. Kim and H. S. Kim [2]. They showed that some important
results that concern on this algebraic structure. In same year, H. S. Kim and Y. H. Kim [3] presented an algebraic structure
namely BE-algebras and studied some of its properties. Furthermore, the notation of BF-Algebras has been introduced
by A. Walendziak [4]. The author established this algebraic structure by considering some conditions from a B-Algebras
which are (B1) and (B2). The author presented the notations of ideal and normal ideal in BFAlgebras. Besides, the
author also provided the BF-homomorphism and studied some of its properties and by using the notation of normal ideal,
the author presented the quotient BF-Algebras. One year later, new algebras structure namely BG-Algebras has been
introduced by C. B. Kim and H. S. Kim [5]. This algebraic structure has been extended from a B-Algebras by considering
two conditions from it which are (B1) and (B2). The authors discussed many important results for a BG-Algebras such as
subalgebra of BG-Algebra and normal sub-algebra of BG-Algebra and they proved that any normal sub-algebra of a BG-
Algebra is a BG-sub-algebra of a BG-Algebra but not conversely. Besides that, they investigated the BG-homomorphism
and discussed many results of it such as the kernel of a BG-homomorphism. In addition, they introduced the quotient
BG-Algebras by using the notation of normal sub-algebras of BG-Algebras. Very recently, an algebraic structure namely
BD-Algebras has been introduced by Mahdi and Nouri [6]. The authors presented some properties of this algebraic
structure such as an ideal, p-ideal, g-ideal, Bd1-ideal and Bd2-ideal of a BD-Algebras. Moreover, they showed that any
Bdl-ideal in a BD-Algebras is an ideal. Also, any Bd2-ideal in associative BD-Algebras is an ideal. Furthermore, they
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studied some other properties among p-ideal and g-ideal. Motivated by the work of previous researchers, a class of an
abstract algebra namely BDM-Algebras with some of its properties have been introduced in this paper. This article has
been structured as follows: Some related results from the work of the previous researchers have been provided in section
two. Section three contains the notation of a BDM-Algebras with some of its properties. In section four, the conclusions
of the present paper are given.

2. BASIC CONCEPTS

This section includes some previous results that are needed in this study which are given as follows.
Definition 2.1 [1] A system (¥, &, 0) is called B-algebras, if it satisfying the following axioms

1. Fer=0,
2. F60=1x,
3. (Fenes=ro(se(0er)foranyrt,s € R.
Definition 2.2 [2] A system (R, , 0) is called BM-algebras, if it satisfying the following axioms
1. 5e0=9,
2. (Fene(fes) =(soerforanyrt s € R.

Definition 2.3 [3] Let (¥, ©,0) be a BE-algebra and let ® #C P, then ¥ is called filter of R if
1.1 €Y,

2. retcandre=te.
Definition 2.4 [6] A system (R, 6, 0) is called BD-algebras, if it satisfying the following axioms
I.re0=r
2. rer=r,
3. reer=(0er)etforanyrt s e K
3. BDM-ALGEBRAS

This section contains the main results of this paper. We begin with the following definition.
Definition 3.1 A triple (¥, &, 0) is called BDM-Algebras, if for any 7,7, s € ¥ the conditions below are holds.

1. rer=r,
2. fel=r,
3. rete(es)=(sot).

Example 3.1 Let X = {0, 1,2, 3} and & is a binary operation defined in the following Cayley table

el0(1|2]3
0102|113
1 {1132
21213121
31311123

Then, (¥, 8, 0) is a BDM-Algebras.
Example 3.2 Let K = {0, 1,2} and & is a binary operation defined in the following Cayley table

| =Sl
N = OO
—_— o DN =

NN —| N
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Then, (¥, 8, 0) is a BDM-Algebras.
Remark 3.1 Throughout this paper we meant by ¥ is a BDM-algebras unless otherwise we mentioned.
Definition 3.2 Let @ # K S &, then 2K is called BDM-sub-algebra, if for any #,5 € e paveros c .

Example 3.3 Consider a BDM-Algebras which is given in Example 3.1. Let ¥= {0,3} and ¥, = {0, 1,2} then %] is a
BDM-sub-algebra of X but ¥, is not, because 1 ©2 =3 ¢ ¥,

Definition 3.3 Let @ # K € X, then X is called filter of &, if it obeys the following ,4: ms
1.0 ¢,

2. If x6seandre W = se #.

Example 3.4 Consider a BDM-Algebras which is given in Example 3.1. Let = {1, 2, 3}, then ¥’ is a filter of X.
Remark 3.2 A filter of a BDM-Algebras is a BDM-sub-Algebra but the convers is not necessary true.
Example 3.5 A filter in Example 3.4 is a BDM-sub-Algebra of Z. However, the BDMsub-Algebra given in Example 3.3
is not filter of K.
Definition 3.4 A BDM-Algebra X is called 0 -commutative if re (0©s) =so (0o r) forany r, s € R.
Lemma 3.1 Let pe a BDM-Algebra. Then, x© s = 6(0 & (0 &5)) for each f, s € R.
Proposition 3.1 Let \ be a 0 -commutative BDM-Algebra. Then, (08 )o (0 & s) = s© r for any x, s € ¥.
Proof: Since R is a 0 -commutative, then x & (0 © 5) = s © (06 f)for any x,s € R. By Lemma 3.1, we get s© r =
se(0e0ex)=(0ser)e(0es). Therefore, as required.
Definition 3.5 Let ¥ and X’ be two BDM-Algebras. A mapping F : ¥ — X’ is called BDM-homomorphism, if F(x©s) =
F(r)e' F(s) for any x, s € Z.
Remark 3.3 Let F : ¥ — K’ be a BDM-homomorphism. If F is a surjective mapping, then it’s called BDM-epimorphism.
Furthermore, if F is one-to-one, then F is called BDM-monomorphism and if F is a bijection, then F is called BDM-
isomorphism.
Proposition 3.2 Let ¥ and ¥’ be two BDM-Algebras. Moreover, let F' : ¥ — ¥ be a BDM-homomorphism. Then,

L.If ¥ is a BDM-sub-algebra of (R, then F(K') is a BDM-sub-algebra of Z’.

2. If ¥ is a BDM-sub-algebra of / then F “10isa BDM-sub-algebra of ./

Proof: (1) Let F() ={f € Z : F() € X'}. Since ¥’ is a BDM-sub-algebra of Z, then by Definition 3.2, x © s € {§’ for any
1,8 € #. Now, F(f ©5) € F(K) = F(f)© F(s) € F(). Thus, F() is a BDM-sub-algebra of // (2) Let F~'() = {f €. f(r) e W
. That is mean r € F~!() & F() € W. Now, let r, s € F~!() then F(), F(s) € W. But {’ is a BDM-sub-algebra of K’. This
gives us F(F)© F(s) € ¥ = F(r©s) € W which gives that r © s € F~!(X). Therefore, F~!() is a BDMsub-algebra of R.
Proposition 3.3 Let F : ¥ — R’ and F° : R” — R” be two BDM-homomorphisms. Then, (Fo F°) : ¥ — R” is a
BDM-homomorphism.

Proof: Since F is a BDM-homomorphism, then by Definition 3.5, F(f ©s) = F(r) © F(s) for any x, s € ¥ and similarly
for a BDM-homomorphism F°. Now, (F o F°)(r©s) = F(F°(res)) = F(F°(r)e F°(s)) = F(F°(r))© F (F°(s)) = (Fo
F°)(F)© (F o F°) (s). Therefore, (F o F°) is a BDM-homomorphism.

Definition 3.6 Let F : ¥ — R’ be a BDM-homomorphism. Then, kernel of F is defined as Ker F = {f € R : F(F) = 0}.
Proposition 3.4 Let f : R — R’ be a BDM-homomorphism. Then, KerF is a BDMsub-algebra of ‘R.

Proof: Let ,s € Ker F to show that x © s € Ker F. Since r,s € Ker F then F(r) = 0 and F(s) = 0. Now, F(res) =
F(f)e F(s) =060 =0. Thus, f © s € Ker F. Therefore, Ker F is a BDM-sub-algebra of ‘.

Definition 3.7 Let R be a BDM-algebra and ® #C W. Then, ¥/ is said to be an ideal of ¥, if it obeys the following points.

1. 0e W,

2.Ifr©s € Xands € K= r € K forany ¥,5 € K.

Definition 3.8 An ideal ¥/ of X is said to be normal of R, if (f© s) € W(to)o(t© 5) € H forany r, 5,1 € #.
Definition 3.9 Let @ # 2K € X, then 2K is called normal of R, if # © ) © (s © ) € for each (ro 5), (16 1) €

Corollary 3.1 Any normal subset of X is a BDM-sub-algebra of Z but the convers is not necessary true.

Proof: Let ¥ be a normal subset of X, then by Definition 3.9, (re ) © (s ©t) € for each (r & s), (t © t) € . Therefore, by
Definition 3.2, we get ¥ is a BDMsub-algebra of P.

Example 3.6 A subset ¥/ = {0, 3} is a BDM-sub-algebra of X but it’s not normal, because 0 © 3,1 6 2 € {0,3} but
Oel)eBe2)=2¢{0,3)}.

Proposition 3.5 Let F : ¥ — R’ be a BDM-homomorphism. Then, KerF is an ideal of .
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Proof: Clearly that 0 € Ker F since F(0) = 0. Letros € KerF and s € KerF, then F(s) = 0 and F(x©s) = F(F)& F(s) =
F(F) &' 0 = 0. From the other side, F() = 0 which give that F € Ker F. Therefore, Ker F is an ideal of R.
Proposition 3.6 Let F : R — K’ be a BDM-homomorphism. Moreover, let F : R — K’ be an epimorphism. If {{ is an
ideal of (R, then F(K) is an ideal of K’.
Proof: Since ¥ be an ideal of X, then by Definition 3.7, we have 0 € ¥/ and r © s € with s € {/ implies f € ¥/ for
any ,s € #. Since F : ¥ — R’ be an epimorphism, then F' : R — K’ is an onto. This will gives that F(0) € F(K) and
F(F) € F(K). From the assumption we have F :—-» K’ is a BDM-homomorphism and this gives us F(fes) = F(F)& F(s).
Again, since F :-» R’ be an epimorphism, then for any ¢,1 € R’ there exist f, s € W such that F(F) = r and F(s) = t.
Now, lett,1 € F() CK', thentot = F(§)© F(s) = F(f © 5) € F(K) C K'. Therefore, F(K) is an ideal of X'.
Remark 3.4 Let X be a BDM-Algebras and let {f be a normal ideal of ¥. We define ~ forany , s € Rby Ks © ros € #.
Proposition 3.7 Let K be a BDM-Algebras and let {/ be a normal ideal of X. Then, ~ is an equivalence relation of K.
Proof: Since every ideal is a normal ideal, then O € ¥ and by Definition 3.1, we have r©r = r € X. That is mean
rKr o ror e W for any r € X which gives that ~ is a reflexive. To show that ~ is a symmetric, let xK s for any,s € Rto
show that sKr. Since K s then, r© s € #. But ¥’ is a normal. Thus, (teryo(tes) e W for any r, s,t € #. By Definition
3.1, weget(tor)©(16s) = s©r € R. Since I be an ideal, then s © r € €. Thus, sHKr. Hence, ~ is a symmetric. Finally,
let rX’s and siWt to prove that rKt. Since rXs and sKt, thenr©'s € 1) and s© ¢ € #. Since ¥ is a normal ideal, then
(e)e(tes) e Wand (fos)e (for) € W. By Definition 3.1, (ter)e (tes) = (s©r) € W and we have (1© 5s) € W.
Thus, we get (s©1), (19 5) € #t. Since ~ is symmetric, then (s ©¢), (s© ) € . By Definition 3.1, (s é)o(sor) = (roé) €
which gives that K't. Thus, ~ is a transitive. Therefore, ~ is an equivalence relation of .
Remark 3.5 Let x be a BDM-Algebras and let ¥ be a normal ideal of ¥. The congruent class that containing f € Z is
defined as [f]x = {s € R : f ~ s}. Therefore, f ~ s © [f]lx = [s]w. Furthermore, the set of all equivalence classes of K is
denoted by R/K = {[r]w :€ R}.
Theorem 3.1 Let ¥ be a BDM-Algebras and let ¥ be a normal ideal of . Then, / is a BDM-Algebras.
Proof: By Proposition 3.7, is an equivalence relation of X. Moreover, let [f]x© [slz = [r © s]y, then © is well-defined.
Since, if tWr and tWs thentor € # andtes € W. By normahty of W(et)o(tef) eand (fet)e(fe s) € . The symmetric
of ~ gives that (t© r)W( S ©1) and the transitivity gives (1S t) ‘{‘(r © s) which implies (& I)Ji/ (ro ). Since ~ is a reflexive
relation, then for any r € R we have rTrand ror € K. Now, [rlg © [rlx = [rorlg = {r € rWr} {reR:rore}=
{(reR:re}=[rly. Next, [fl ©[0] = [r©0]yp = {f €: ‘&7’/“0} ={fe:fe0eW}=({fe:fe}=][r]yp. Finally, if
[flw, [slw, [tly € R/W, then ([Flx © [slp)O([Flx© [tlyw) = [feslwolfetly = [(fes)o(fetlw = [tosly = [tlwOlslw.
Therefore, R/ is a BDM-Algebras.
Definition 3.10 Let (¥,5,0) and (¥,&,0") be two BDM-Algebras. We define the direct product of X and X’ by
(K xX’,0,(0,0)) with the binary operation given as (f, s;) O(F,, s2) = (fi ©F,, 81 ©;) where 7 x K’ =
{(F,s):feR,seK'}.
Theorem 3.2 A systems (R, 8, 0) and (K’,©,0") are BDM-Algebras iff (K xR’,0,(0,0")) is a BDM-Algebra.
Proof: Let (¥,6,0) and (¥’,6,0") are BDM-Algebras. From the assumption we have r&r = rforany r e Kand s©s = s
for any s € K’. Thus, (r, s)a(r,s) = (f©r,s € s) = (r,5) € RxR’. This proves condition one. Also from the assumption
we have x© 0 = x forany r € Z and s © 0’ = s for any s € K'. So that (f,s)[ (0,0") = (fe0,s60") = (f,s) €
R X R’. This proves condition two. Finally, let re s)e (Fet) = (res) and (FFos’)o (Fot’) = (t' ©s’). Thus, [(fo
Flotses)]el[feF)oet)] = (Fes),(Fes)e(fet),Fe t)) =((res)yexet),(kKes)e(F et)) =
(tos, ! ©s’) € R x K'. Hence, condition three is proved. Therefore, (R x K’, 0, (0,0”)) is a BDM-Algebra. Conversely,
let (R x R’, O, (0,07)) is a BDM-Algebra, then, (f, s)a(f, s) = (for,s©s) = (r,s) and this gives thatror =rand ses = s
for any r € R,s € . Moreover, (f, s)d(0,0’) = (f©0,s60") = (f,s) which givesre 0 = f and s© 0" = s for any
feR, s eR . Ultimately, (16 5,1’ © 5') € ZxR’. That is mean we have (Fo s) o (Fet)), (F es)e(F ot’)) e RxR’.
This implies that (f© s)e (x©1) = (t© s) for any x,s,t € Rand (f'os)e (F' o) = os’) forany f',s',' e R'.
Therefore, this completed the proof.
Definition 3.11 Let {(R;,6,0,),i = 1,--- ,n} be a collection of BDM-Algebras. We define the direct product of ¥; where
i=1,---,nby (I, ¥,0,(0i,--- ,0y) such that [T, ¥; = ¥; X ---X M= {(r1, -+, %) : x € ¥, Vi}. Furthermore,
(I’l,"' »rn)D (Sl,"' »Sn) = (rl 58y, ’rnesn)'
Corollary 3.2 Let {(R;,8,0;),i = 1,--- ,n} be a collection of BDM-Algebras. Then, (I—[}Ll ¥, 0,0, 0,,)) is a BDM-
Algebras.
Theorem 3.3 Let {(R;,0,0,),1=1,--- ,n} be a collection of BDM-Algebras. Then, ,7; is 0 -commutative iff []%, %, is
0 -commutative.
Proof: Suppose that ¥; is 0 -commutative to show that [T\, 4 is 0-commutative. Since K; is 0 -commutative for each
i, then we have r; © (0; © 57) = 5; © (0; © 1) for each ry, s; € K;. Thereafter, (r1,--- ,1t,) ©((01,--- ,0) 60 (51, ,50) =
(I‘], T 7xn)e(01 © 51, 7011 S] Su) = 1'19(0] S] Sl), t ,rne(on S] Sn) = 5i© (01 eri) = (sl’ ) Sn)@((O] ey, - 7011 ern))
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(s, 55000, ,00)© (r1,--- 1)) forany (v, - -+, 1), (51, -+, s0) € [T, xi. Therefore, [Ti-, x; is a 0 -commutative.
Conversely, let []\, x; is a O-commutative, then we have (r1, -+ ,1)6 (01, -+ ,00) 6 (51, ,s0) = (51,--,80) ©
(01,--,00) © (ty,---,xy) for  any (vp, -+, 1), (s1,--+ ,s0) € [Ii; xi. Sothat, 1,0 (0;© 1) = (11 ©(0,©

SI),"‘ 7(rne(0nesu)) = (Y],"’ 7rn) S] ((Ola ,Oll)e(sl»"' ,sn)) = (sla"' ’sn) © ((01’ ’On)e(rl,"' arn)) =
(sie016r), - ,spn00,0 1)) =s5;0(0; 6 x;) for each r;, s; €/ Therefore, ; is O-commutative.
Remark 3.6 Let {(K;,5,0;),i=1,---,n} and {((R;,e, Oi) =1, ,n} be two collections of BDM-Algebras such that
K; =K/ foreachi=1,--- ,n Then, [T, & [T, R!.
Theorem 2.4 Let {(R;,6,0;),i=1,--- ,n} be a collection of BDM-Algebras with % is a normal ideal of ¥; for each
t=1,---,n Then, []\, K is a normal ideal of []}_, ¥;. Furthermore, [T;_, Ki/ [TiL; Ki = [TiL, (Ni/K)).
Proof: Since X is a normal ideal of ; for each i = 1,---,n, then 0; € K; which gives that [T_, X; # ®. From
this we get (01,---,0,) € []L, K;. Since ¥; is a BDMAIlgebra for each i = 1,---,n, then v;, s5; € ¥; which implies
(r1, -+ ,v0), (51, -+, sw) € [T, N;. Furthermore, K; is a normal ideal of N, foreachi = 1,--- ,n, thenr;©s; and s; belong
to 14. This gives that (r; © sy, -+ , 1O 8,), (81, -+ ,8u) € [[iL, Wi which gives us (vy,--- ,1,) € [T, K;. Thus, [T, K; is
an ideal of [T_, Ri. Now, lett; € ¥; foreachi =1,--- ,n, then (t;,--- ,t,) € []L, Ki. So that ((t;,--- ,t,) O, -+ ,f)) O
((t, -, t)0@s1, - ,s)) = ©r,- ,(u,0r)OE O 51, ,(L0s) =((L1ex)S (1 ©51), + , (L ©X) O (L O 5)) €
H;;l \Pi-

Therefore, [}, K; is a normal ideal of [];_, K. Next, to prove that

i=1 Xi/l—ﬂl:l K = Ti1:1(X\t/}Ki)- Let F: n?:l X,‘i/l—[?:l K — n?:1(ﬁ\i/mi) such
that F(r/3K) = ¥, /Xy, -+, 7,/ K, for each ¥, /3, -, ¥, /K, €[TL, Xi/[TL, K .

To show that F is well-defined, let #;/2Ks;/ }K~t e[lL, X /I[L, 2K  with 1/8; = /W, which gives that
/Ny, t/w) = (s1/1,- -+ ,8n/n). Thatismean (ry, - -+ ,t0) K (sy,- -+, 8y) whichimplies that (v, - -+, 1) O (81, -+, 80) =
(t1© s1,-++ ,m © sy) € 1L, . From this we get r; © 5; € # with % s; € K; and
Fi/H{i =5i/>Ki' Thereby’ ‘F(Pl'." "F“/nizl }K[) = ‘Fl/).Kl 'nl,rﬂ/H{ﬂ = S1/ K1, Snf Wa= F(Sl,' Sl n?:l W)
Therefore, F is well-defined. Now, let (vy,--- ,v,) /T,

Tia (Sl, Y Sn) / I_I?:l ‘Pi € H;l:1 ﬂi / H?:] lPl" then F((rl7 e ’rll) [ (Sla

7STI)/H;I=] W) = F((rl ©81), - ,(rn@Sn)/HLI‘I"i) =(rres) /¥, ,@es) /W) = /P, ,0/N)D
(Sl/l".' ’SII/LPH) = F((rl"” >

v) / [T W) OF (st s) / TIL, 'Ws)- Hence, F is a BDM-homomorphism. Next, if F ((vy,--- 1)/ [TL, %) =
F((s1,eee s / Ty W3) then  (ry, -+ o) / T W) = F (oo 1) /TIE, W1) = F (G150 /TTE, W) =

e T( i . : - . 1 — see .~ . .

(81,7, 8) [T, K) . Since ¥/, =5;/%; for each i =1,--,n, then #Ks; € H& and r. © 5, € K. Thereafter,
(v, )00, 5 8) = (11O 51, , 1, O sy) € [, Wi which gives that (v;,--- ,v) ¥ (s, -+, sy) and from this we
get (v, 1)/ TIl 5i) = (51, »s0) / TTi, Wh). Thereafter, Fis (1-1). Finally, let (v /K1), -+, tu/Wy) € TTE, (Ri/ W),
then r; € K foreach i = 1,--- ,n. Thatis mean (r1/1), -+ ,v/Ny) = F(ry,---, 1) /[T, Wl) where (11,

o) /T, Wi e [T, Ko/ T1L, 2% which is proved that F is an onto. Therefore, [T}, Ki/ [TiL, Ki = [TiL, (Ni/Ny).

i=1

4. CONCLUSION

As aresult of this study, the concept of BDM-Algebras has been introduced with some of its properties. We proved that
every normal sub-algebra of a BDM-Algebras is a BDM-sub-algebra but the convers is not necessary true. Also we showed
that the image (pre-image) of a BDM-sub-algebra of a BDM-Algebra is a BDM-sub-algebra. Then, the composition of
two BDM-homomorphisms is a BDM-homomophism and the kernel of a BDM-homomorphism is a BDM-sub-algebra
of a BDM-Algebra. Furthermore, we proved that the kernel of a BDM-homomorphism is an ideal. Ultimately, this study
proved that the direct product of two BDM-Algebras is a BDM-Algebra and the direct product of a finite family of a
BDM-Algebras is a 0 -commutative if and only if each one of them is a 0 -commutative.
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